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ABSTRACT

We present the calculation of heavy-quark associated production with a hard photon at
hadron colliders, namely pp(pp) — QQy+X (for Q = t,b), at Next-to-Leading Order (NLO)
in Quantum Chromodynamics (QCD). We study the impact of NLO QCD corrections on
the total cross section and several differential distributions at both the Tevatron and the
Large Hadron Collider (LHC). For tty production we observe a sizeable reduction of the
renormalization and factorization scale dependence when the NLO QCD corrections are
included, while for bby production a considerable scale dependence still persists at NLO
in QCD. This is consistent with what emerges in similar processes involving b quarks and
vector bosons and we explain its origin in detail. For bby production we study both the
case in which at least one b jet and the case in which at least two b jets are observed. We
perform the bby calculation using the Four Flavor Number Scheme (4FNS) and compare the
case where at least one b jet is observed with the corresponding results from the Five Flavor
Number Scheme (5FNS) calculation. Finally we compare our results for pp — v+ b+ X
with the Tevatron data.
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CHAPTER 1

INTRODUCTION

1.1 The Standard Model of Particle Physics

The Standard Model (SM) of particle physics is nowadays the best framework to un-
derstand the dynamics of all elementary particles that have been observed in high energy
collisions. It is a quantum field theory (QFT) based on the gauge symmetry group SU(3)
for color, SU(2) for weak isospin, and U(1) for hypercharge. The color quantum number is
associated to the dynamics of strong interactions, which by itself is the subject of Quantum
Chromodynamics (QCD), while the weak isospin and hypercharge quantum numbers are
fundamental to the dynamics of electroweak (EW) interactions.

In the SM, the fundamental constituents of matter are fermions that interact via their
coupling to the gauge vector bosons of the gauge symmetry group(s), namely the gluons for
the strong interaction, the W* and Z bosons for the weak interaction, and the photon for
the electromagnetic interaction. Fermions come in three generations or families and they
are labeled as leptons if they only interact electromagnetically and weakly, or as quarks
if they also interact strongly. Mass terms for gauge bosons and fermions are not allowed
by gauge invariance. The simplest way to remedy this problem and to explain the large
masses of W* and Z bosons (80.4 and 91.18 GeV respectively) is by coupling the gauge
sector to some scalar degrees of freedom (commonly referred to as the Higgs field) whose
potential undergoes spontaneous symmetry breaking. The same scalar degrees of freedom
can then be independently coupled to fermions and give origin to fermion mass terms in the
lagrangian. A more detailed decription of the SM will be given in Appendix A. The most
important highlight of Large Hadron Collider (LHC) physics has been indeed the discovery
in July 2012 of the scalar boson that is believed to be the SM Higgs boson [1, 2]. More
precise measurements of its couplings will determine possible deviations from the SM pat-
tern and shed some light on the kind of new physics that can embed the SM dynamics in a
more fundamental framework and resolve some of the least satisfactory and more arbitrary
aspects of this theory.

Indeed, all models of new physics that complement and complete the SM at energies
beyond the electroweak scale owe their origin to the attempt of explaining the breaking of
the EW symmetry (i.e. the origin of the weak gauge boson masses) and the hierarchy of
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Figure 1.1: Left: Theoretical prediction for the rapidity distributions of the dilep-
ton final state in the (Z,7*) production at the Tevatron at LO, NLO and NNLO in
comparison with experimental data [3]. Right: Total cross sections for ¢t produc-
tion at the Tevatron as a function of the top mass, including the LO, NLO, NNLO
and NNLO+NNLL predictions [4]. The full NNLO corrections are included only
for the ¢q initiated subprocess.

fermion masses. Evidence of new physics beyond the SM will finally shed some light on the
explanation of several other experimental facts, coming from non-accelerator experiments,
that demand physics beyond the SM. We remind, among others, the evidence of neutrino
masses through flavor oscillations of neutrinos, the large baryon asymmetry present in the
universe, and the presence of dark matter and dark energy in the universe for which the
SM has no candidates.

1.2 Going Beyond the Leading Order Approximation

Many beyond the Standard Model (BSM) scenarios have been proposed to provide so-
lutions to the still open problems of the SM. With the data collected at the Tevatron, and
the turning on of the LHC in 2010, we now have the unique opportunity to obtain even
more stringent test of the SM and to confirm or exclude several BSM scenarios. In order to
accurately discriminate signals from background, it is very important to have very precise
theoretical predictions to be compared with experiments. In the framework of perturbative
QFT, more accurate theoretical predictions can be obtained by properly taking into ac-
count both QCD and EW higher-order corrections, as well as resumming well-defined sets
of (large) corrections at all orders, or by interfacing fixed-order calculations with parton-
shower Monte Carlo programs.



The theoretical predictions obtained using the Leading Order (LO) approximation in
perturbative QFT are usually good only for roughly estimating the rate of a process, due to
the large theoretical uncertainties that accompany the LO predictions. This theoretical un-
certainties are originated from the truncation of the perturbative series at a certain (fixed)
order. The left-hand side of Fig. 1.1 shows the rapidity distributions of the dilepton final
state in Drell-Yan production at the Tevatron (pp — (Z,~") + X) [3]. It is clear that both
the normalization and shape of the distributions from experimental data are best described
by the inclusion of higher order corrections, in this case the Next-to-Next-to-Leading Order
(NNLO) QCD corrections. The Next-to-Leading Order (NLO) QCD corrections improve
the agreement with the data but are still not sufficient for this particular process. The
right-hand side of Fig. 1.1 shows the total cross section for top-quark pair production at
the Tevatron as a function of the mass of the top quark, m; [4]. The uncertainties of the
theoretical predictions are dramatically reduced when higher-order corrections are included.
Theoretical predictions with smaller uncertainty are obtained, in this case, by including the
NNLO QCD corrections as well as by resumming classes of logarithmic corrections at all
order, up to Next-to-Next-to-Leading Logarithms (NNLL).

Over the last few decades the structure of higher-order QCD/EW perturbative calcula-
tions has been thoroughly studied and many tools have been developed to obtain theoretical
predictions for processes at hadron colliders. LO tools are largely automated nowadays and
inclusion of new BSM models in these packages is also straightforward. MadGraph/MadEvent
[5], and CompHEP/CalcHEP [6, 7] are among the LO tools that are publicly available. NLO
programs that contain hardcoded NLO calculations of a number of processes have been
around for many years. Examples of programs that can be used for several processes and
are publicly available are MCFM [8], VBFNLO [9], and the PHOX family [10], while many more
individual /non-public codes exist. On the other hand, due to the complexity of higher order
calculations, the progress in the automatization of NLO calculations has been slower and
has received a substantial boost only recently, due to the development of new techniques for
loop calculations and to the availability of more powerful computational facilities. As will
be discussed in Chapter 2, NLO calculations consist of virtual and real corrections. The
virtual corrections can be computed using either traditional Feynman-diagram or unitarity-
based techniques (see [11] for a comprehensive review on both techniques), while for the real
corrections, the phase-space-slicing and subtraction techniques are widely used. BlackHat
[12], FormCalc [13], GoSam [14], MadLoop [15], NLOX [16], and OpenLoops [17] are exam-
ples of automated packages to calculate the virtual corrections. On the other hand, for
the real corrections, examples of automated packages based on subtraction techniques are
MadDipole [18] and Sherpa [19, 20], that implement the Catani-Seymour dipole subtrac-
tion formalism [21, 22], as well as MadFKS [15], that implements the Frixione-Kunszt-Signer
(FKS) subtraction [23]. Monte Carlo event-generator programs, such as Pythia [24, 25],
Herwig [26, 27], and Sherpa, are utilized to get the full description of hadronic collisions
(i.e. including hadronization effects). In order to include hadronization effects, the partons
that are present in the fixed-order calculation have to be showered first. Two different
methods are available to systematically interface NLO fixed-order calculations with parton
showers, namely the MCONLO [28] and the POWHEG [29, 30] methods. At the NNLO level
new methods and ideas have been pioneered on 2 — 1 and 2 — 2 hadronic processes of



particular relevance, notably the Drell-Yan process[3|, ¢t production [4, 31], and inclusive
Higgs+jet production [32] (see Fig. 1.1). Beyond NNLO, the resummation of sets of large
kinematic logarithmic corrections has been addresed and often shown to play a crucial role
in a process by process basis.

In this context, the calculation of processes like the one presented in this thesis (photon
+ heavy-quark pair at NLO) is of technical value because it allows to test NLO automa-
tized packages when they can be used for processes involving several massive fermions, and
provide an analytical and usually computationally more efficient alternative. Moreover, it
allows the study of QCD effects for hard-photon production with b jets (Q = b), with po-
tential implications for processes that play a crucial role in Higgs-boson and new physics
searches (e.g. W/Z + b, H/A" + 1) as well as in the determination of the bottom-quark
parton distribution function.

1.3 tty and bby production at hadron collider: motivations

The discovery of the top quark in 1995 by the CDF and DO experiments at the Fermi-
lab Tevatron collider established the validity of the SM with three generations of quarks
[33, 34]. In the following years, the two Tevatron experiments measured the cross section
for tt production with precision comparable to the most accurate theoretical predictions
[35], while the two LHC experiments, ATLAS and CMS, have measured the ¢t production
at both 7 and 8 TeV center-of-mass energies [36]. The measurement of the top-quark mass
has also been established at the few percent level by the Tevatron (my,, = 173.2+0.64+0.8
GeV, March 2013 combination) [37] and the LHC (my,, = 173.3+£0.5£1.3 GeV, June 2012
combination) [38]. Tt is an important task to measure the top-quark properties precisely due
to the fact that the top quark is the most massive particle in the SM and has the largest cou-
pling to the Higgs boson, y; ~ 1. For example, deviations of the SM top-quark couplings to
EW gauge bosons may provide hints of new physics responsible for EW symmetry breaking.

Important properties of the top quark, such as the ttZ and tty couplings, have not
been measured yet and the only indirect constraint on the ¢tZ coupling came from LEP
data. Existing studies [39, 40, 41] have shown that one of the main limitations will then be
the theoretical systematic error. We note incidentally that a high-energy measurement of
ete” — v*/Z* — tt (if and when available) would not necessarily provide a better access
to the tty and ttZ couplings because it would measure a superposition of both ¢ty and ttZ
couplings. A direct measurement will provide a crucial handle in determining the standard
and non-standard components of the top-quark electroweak couplings. The total cross sec-
tion for ttZ and tty productions at the LHC have been measured recently [42, 43, 44].

The most general Lorentz-invariant t#y coupling or vertex function is expressed in terms
of four independent form factors (for on-shell top quark, anti-top quark, and photon), which
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Figure 1.2: The differential cross sections for ¢y production as a function of pp ()
at the Tevatron and the LHC. Shown are the SM predictions for tfy production and
its background (upper plots) and the predictions for several non-SM ¢ty couplings
(lower plots) [39].

are functions of kinematics invariants, as follows,

p— - O-
0. 3) = —ie | (FIL () + 6 F () + 22

0+ ) (730 + 375, )|.
(1.1)
where p and p are the outgoing momenta of the top and anti-top quark, and k = p+p
is the momentum of the photon. The form factors Ff"/SM, F;"/SM, and F;ASM correspond,
in the low energy limit (k> — 0) to the charge (modulus a minus sign, depending on the
convention that is used for the Feynman rules), anomalous magnetic moment, and electric
dipole moment of the top quark respectively. At tree level, the form factors F;{}i‘M give

us the Feynman rules for the interaction vertices. For example, at tree level in the SM,
FPM = —2/3 and FPM = F1M = M = 0.

The most promising channel to study the ¢ty coupling at hadron colliders has been shown
to be the ylv,bbjj channel (where ¢ = e, and vy = ve,v,) which receives contributions
from QCD ¢ty production as well as ¢t production with radiative top-quark decay [39].



Predictions for the photon transverse momentum (pr(7)) distribution in ¢ty production, for
SM and non-SM ttvy couplings, as well as for the most important backgrounds are shown in
Fig. 1.2, at both the Tevatron and the LHC. The top panels of Fig. 1.2 show the background
composition for ¢ty production. ttj production, where a jet is misidentified as a photon, is
the dominant background, followed by single-top production (tby +tby), and W~bbjj. The
lower panels of Fig. 1.2 show the pp(7) distribution when various non-standard form factors
in the tty coupling defined in Eq. 1.1 are included and only one form factor at a time is
allowed to deviate from its SM value. The non-SM ¢ty couplings that are investigated in
Fig. 1.2 are defined by

AF, (k) = Fy, 4 (k%) — Fo. (1.2)
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Deviations from the SM pattern can be isolated and identified in this relatively clean chan-
nel if we can provide accurate theoretical predictions. We note that the calculation of ¢ty
production at NLO QCD accuracy has been reported by Duan et al. [45] and Melnikov et
al. [46], while or the t£Z production, the NLO prediction is calculated by Lazopoulos et al.
[47, 48], Kardos et al. [49] and Garzelli et al. [50]. The NLO calculation for ¢£j production,
which is the main background for the ¢ty production, has been reported by Dittmaier et al.
[51, 52] and Melnikov et al. [53, 54]. In this thesis we reproduce the results of [45, 46] with
full agreement and work toward the implementation of our calculation into a full-fledged
NLO parton-shower Monte Carlo.

On the other hand, the associated production of a photon with a bb pair is a crucial
component of the theoretical prediction for direct photon production with b quarks (when
either one b or both b-initiated jets are tagged). The direct photon production in association
with b quarks, in particular with one b quark, can be used to directly constrain the b-
quark PDF, which so far has only been derived from the gluon parton distribution function
(PDF). This much awaited measurement will play a very important role in improving the
accuracy with which other crucial processes like W/Z + b and H/A® + b can be predicted.
The NLO prediction for direct photon production in association with one b jet has been
calculated by Stavreva and Owens [57] in the so-called ”variable flavor scheme” or 5FNS (see
Chapter 2 and 4 for details). On the experimental side, the measurement of the v+ b+ X
process at the Tevatron has been performed by the DO collaboration with 1 fb~! [58] and
8.7 fb~1 data sets [55] as well as by the CDF collaboration with 86 pb~! [59] and more
recently 9.1 fb~! data sets [56]. The pr(v) distributions for the pp — v + b+ X process
at the Tevatron from the most recent DO [55] and CDF [56] results are shown in Fig. 1.3.
The experimental data are compared with the predictions from the NLO calculation in
[57], as well as other predictions from Pythia, Sherpa and a calculation which uses the kp-
factorization approach [60] that contains only partial NLO corrections but selected higher
order effects. In the intermediate to high photon transverse momentum region, one notices
some discrepancies between the data and the NLO calculation. In this thesis we present
the NLO QCD results for direct photon production with either one or two b jets, using a
fixed flavor scheme or 4FNS (see Chapter 2 and 4 for details), and discuss our results in the
context of existing theoretical [57] and experimental [55, 56] results.
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Figure 1.3: The photon transverse momentum distribution measured by the D0
[55] (left) and CDF [56] (right) collaborations for pp — v + b+ X process at the
Tevatron in comparison with theoretical predictions.

1.4 Outline

In this thesis we will calculate the NLO QCD corrections to heavy-quark associated
production with one hard photon at hadron colliders (pp(pp) — QQ~, with Q = t,b). We use
a Feynman-diagram approach to calculate the virtual corrections, and a phase-space-slicing
method with two cutoffs to compute the real corrections. The hard-photon requirement in
the calculation is realized by imposing a cut on the photon transverse momentum, pr (7).
The thesis is organized as follows. In Chapter 2 we discuss in detail the NLO calculation of
QQ production. The treatment of final state photon and bottom quarks are also reviewed.
In Chapter 3 and Chapter 4 we present numerical results, including the LO and NLO total
cross sections as well as some interesting differential distributions, for t£y and bby production
at the Tevatron and the LHC, respectively. For bby production, we consider both the case
in which at least one b jet is identified (1b-tag) and the case in which at least two b jets
are identified (2b-tag) in the final state. In particular we discuss how the NLO QCD
corrections presented in this thesis make the theoretical predictions for v+ b+ X (1b-tag)
more consistent with the Tevatron data [55, 56]. In Chapter 5, we conclude with a summary
and some outlook for possible refinements of the calculation presented in this thesis. All
the results presented in this thesis will appear in [61].



CHAPTER 2

NEXT-TO-LEADING ORDER QCD
CORRECTIONS TO QQy PRODUCTION AT
HADRON COLLIDERS

In this Chapter we present in detail the NLO QCD calculation of QQv production at
hadron colliders where (Q = t,b is a heavy quark. This Chapter is organized as follows. The
theoretical framework in calculating the total or differential cross sections in high-energy
hadronic collisions is discussed in Sec. 2.1. The description of the calculation for the tree
level cross section as well as for the O(ay) virtual and real corrections are presented in
Secs. 2.2, 2.3, 2.4 respectively. The presence of a real photon in the final state requires an
isolation procedure in order to significantly reduce the background. The photon-isolation
prescription as well as the treatment of singularities induced by the radiation of a final state
photon from massless quark are discussed in Sec. 2.5. Once all the ingredients of the NLO
calculation are introduced, the formulae to calculate the NLO cross section are presented
in Sec. 2.6. The theoretical and experimental issues due to the presence of bottom quarks
in the final state are illustrated in Sec. 2.7. Finally, in Sec. 2.8 we review some checks
that we have performed on our calculation. All Feynman diagrams in this thesis are drawn
using the Jaxodraw package [62], while all plots are produced using the GNUplot software.
Further software packages that have been used or developed as part of this project will be
mentioned later in this Chapter.

2.1 Cross section in high-energy hadronic collisions

The effects of strong interactions in high energy processes can be described system-
atically within the framework of perturbative QCD, due to the property of asymptotic
freedom, where the running coupling constant of strong interactions becomes small at high
energies. This has two important consequences. First of all, it allows us to calculate total
and differential hadronic cross sections (like those for pp or pp collisions) in terms of the
corresponding cross sections for the constituents quarks and gluons, here denoted by dé.
According to a factorization principle (pictorially illustrated in Fig. 2.1), we can indeed



write the differential cross section as [63]
do (pp(pp) — X) = Z/dm1d$2fzp(xlaMF)f]I')/p(x%MF)d&(ij — X1, 2, pp, piR), (2.1)
ij

where X is a generic partonic final state, ¢ and j are initial-state quarks and gluons (collec-

tively named partons), while f7 /P are the so-called Parton Distribution Functions (PDFs),
to be interpreted as the probability of finding a parton 7 in a proton (antiproton) with a frac-
tion x; of the parent hadron momentum. Furthermore, the smallness of the strong coupling
(as) gives us the possibility of providing the theoretical prediction for by perturbatively
calculating its series expansion in s,

d&(Zj — X;‘Tlax27uF7MR) = Oé];(,“R) Z agn(:uR) da-i(‘;n)(x17x27uF7MR)7 (22)

m=0

where k is the order of the corresponding tree-level process in powers of as. The first term
in the perturbative expansion of the partonic cross section in ag (m = 0), is traditionally
dubbed as leading order (LO) or Born process. The next order (m = 1,2,...) are dubbed
as (Next-to-)"Leading Order (N"™LO) corrections. pr and pp in Egs. 2.1 and 2.2 are the
renormalization and factorization scales respectively. The factorization scale can be thought
of as the scale that separates the long- and short-distance physics, where a perturbative
calculation of QCD effects is appropriate. The renormalization scale is an unphysical scale
introduced in the regularization procedure of the partonic cross section that suffers from
ultraviolet singularities. The cross section, of course, should not depend on these two
unphysical scales, i.e.

— =0 2.3
i s ) (2.3)
but any truncation of the expansion in Eq. 2.2 will result in a residual scale dependence of
the cross section, induced by terms of higher order with respect to the truncation. There-
fore, higher perturbative orders capture more and more of the complex dynamics of strong
interactions and therefore allow for a more careful modelling of real high-energy hadronic
collisions.

The PDFs, which describe the long distance nature of the strong interactions, are non-
perturbative quantities and have to be determined from experimental data. However, due
to the smallness of the strong coupling, their dependence on the factorization scale, i.e.
their rescaling with pp, can be calculated using the DGLAP (Dokshitzer-Gribov-Lipatov-
Altarelli-Parisi) [64, 65, 66] equations,

8f2($7lu%) _ Qg 1 dz €T 9
o %%:/x — iz 00)fi| —omF ) (2.4)

where P;; are the unregulated Altarelli-Parisi splitting functions given in Egs. D.21 - D.24.
Several groups nowadays provide independent sets of PDF based on fitting both high-energy
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Figure 2.1: Pictorial representation of a pp(pp) collision in perturbative QCD.

and low-energy data, e.g. ABM [67], CTEQ [68], HERAPDF [69], MSTW [70], NNPDF
[71], etc. The LHAPDF package [72] provides a collection of all major PDF sets with a
Fortran/C++ interface.

At Next-to-Leading Order (NLO), the partonic cross section is given by,
~NLO L0 , @ ~NLO

where, in the notation of Eq. 2.2, dc}ZLjO = o/gdc}i(](-)) and 5d6}j—LO = 47To/§d5$). The NLO
corrections are made of one-loop virtual corrections (dc}ivjirt) and one-parton real-emission
corrections (dc}i;al), ie.
~NLO ~vi ~real

ddo; = dal‘-’jlrt +doi5™. (2.6)
The calculation of the LO, virtual, and real emission partonic cross sections for QQvy
hadroproduction will be discussed in Secs. 2.2, 2.3 and 2.4, respectively. Based on the
evolution equation of the strong coupling,

dos(pr)
2 2
—— 2.7
where by is,
1 /11 2
=—|—=N—-= 2.
bo= - < 3 3n1f>7 (2.8)

where N = 3 is the number of colors, and nj is the number of light-quark flavors, and on
the DGLAP evolution equations for the PDFs in Eq. 2.4, the explicit scale dependence of
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the NLO partonic cross section is given by

dé NLO( k+1( (1)(

$17$27/LR7/~LF) = (/JR)dO- (33‘1,33‘2 ) o $1,$2,MR,/LF)

= (/’LR) .Z'l, 2 j (Z'l,I’Q)

)
2)
k—i—l
+ {8771) ln< 2 > xl,ajg)
1
_2111( ) Z [ / dzlﬂnd&éoj)(xlzl,xg)
n P

+ dngnjdc}i(g)(xl,m@)] } (2.9)
P

+ ()
4 ak—l—l( R)d& A'(l)
u

[ay

(1)

In Eq. 2.9, dc}gg’l) are defined in Eq. 2.2 and we have rewritten dc}ij as

dc}i(;) = do; ( ) + terms containing In <MZ F>,

where d&ggl) is the piece of NLO correction that neither depends on pgr nor pp. § is the
partonic center-of-mass energy squared, and p = Sp,;n/$. It is sensible to choose the value
of ur and pp of the order of the hard scattering scale of the process in order to avoid large
logarithms to appear in the perturbation series. However, for the process with multiple
scales, the presence of such large logarithms are unavoidable. It is a common practice also
to assume that up = pp = p and study the systematic uncertainty on a given theoretical
prediction by varying u in a predefined range about a chosen central value.

2.2  QQ~ production at leading order

At lowest order in perturbation theory (LO), the pp(pp) — QQ~ process consists of two
partonic subprocesses,

q(i1,p1) + G(iz, p2) = Q(is, p3) + Q(ia, pa) +v(ps), (2.10)
and
g(a1,p1) + g(ag, p2) = Q(iz, p3) + Q(ia, pa) + ¥(ps), (2.11)

where p; denote the momenta of external particles, the i’s and a’s are color indices for
quarks and gluons respectively. The above momentum and color index assignments will be
used for both LO and NLO virtual amplitudes calculation. The Feynman diagrams for the
qq and gg subprocesses at leading order are shown in Figs. 2.2 and 2.3. The LO amplitudes
in the gg subprocess have only one common color factor,

M = AL (2.12)

2221 2324

where

4
A=Al (2.13)
k=1
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and the individual Azq amplitudes correspond to the Feynman diagrams shown in Fig. 2.2.
The LO amplitudes in the gg subprocess can be decomposed into an ’abelian’ (ab) and a
'non-abelian’ (nab) piece,

MET = (89,82, AR+ {8,192, AG (2.14)
where
1
Agab = Ays+ B (Ao — Aow),
1
AP = 3 (Aot +Aou) - (2.15)

Ao s, Aot and Ag,, are the amplitudes for the s,¢ and u channel processes respectively, and
can be written as

Aos = AP+ AP,
Ao = A+ AP + AY, (2.16)
Ao = AF + A + AL

The Feynman diagrams corresponding to each AY are shown in Fig. 2.3. The amplitudes
squared, averaged over initial spins and colors, are then given by

— 11N2-1

S IMEP = 51 2 MY
St - {2

In squaring the amplitude, we use the following polarization vector sums, for photon and
gluons respectively:

> eus, Neh s, A) = —guws (2.19)
A

2
)

(2.17)

} . (218)

S eu i N (pinA) = g+ LWL IR g (2.00)
A

P1 P2

The LO partonic total/ differential cross section is obtained by integrating the averaged
matrix element squared ) |/\/lo|2 over the final-state QQ~ three-body phase space

2

dot0 = dPS(QONY Mg (2.21)

where ij = qq,gg. The total cross section is obtained by integrating over all kinematic
variables of the QQ~v phase-space measure, that is denoted by dPS(QQ~), while for the
differential cross section, the corresponding kinematic variable(s) is (are) not integrated and
the distribution of events over the corresponding range(s) is obtained.
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2.3  O(a,) virtual corrections to pp(pp) — QQy production

The O(ay) virtual corrections to the ¢ and gg subprocesses consist of one-loop correc-
tions to the tree level diagrams illustrated in Figs. 2.2 and 2.3. The partonic cross section
for the virtual corrections is obtained by integrating the virtual amplitudes of the two sub-
processes interfered with the corresponding LO amplitudes over the QQ~ three-body phase
space, namely,

&} = dPS(QQY) 27262 M (2.22)

The virtual amplitudes, Mvmv are expressed as linear combinations of Dirac structures
multiplied by one-loop integrals. One-loop integrals originate from one-loop diagrams, the
topology of which is schematically shown in Fig. 2.4. They can be either scalar or tensor
integrals of the form

1672 dik 1,k fHP
IV P () pN1; L MN_]) = —— 4—d/ ’ 2.2
N (p17 yPN—1;M, M7, , MN 1) i M (27T)d DODl”’DN—l ) ( 3)

where k is the loop momentum, N is the number of denominators, and P is the number
of loop-momentum factors in the numerator. The denominator of a one-loop integral is
factorized into the product of propagator-like terms D; of the form

Di = (k +¢:)* —m7, (2.24)
where ¢; = p1 + ... + p; is the propagator momentum (gy = 0), mg,--- ,my—1 are the
corresponding internal masses, and p1, - - - , py are the momenta of the external legs attached

to the loop. Traditionally, one-loop integrals, up to N = 5, are labelled as follows,

I1(mo) (mo),
Iz(p1;mo,m1) (p1; M0, M1),
I3(p1, p2;mo, m1,ma) = C(p1,p2;mo, m1,ma), (2.25)
)
)

(Il
deb

Li(p1,p2, p3;mo, mi,ma,mg) = D(pi1,pa, p3; mo, mi, ma, ms),

I5(p1,p2, p3, pa;mo, m1, mg, mz, ma) = E(p1,p2,p3, pa;mo, mi, ma, mg, ma),

with none or more tensor indices attached to them.

One-loop integrals suffer from ultraviolet (UV) and infrared (IR) divergences. To regu-
late those divergences, we use dimensional regularization with d = 4—2e¢, for both UV and IR
divergences. UV divergences, arising from self-energy and vertex diagrams, are cancelled by
introducing counterterms for the external fields, the strong coupling, and the heavy-quark
mass. The QED coupling (or electric charge) is not renormalized at the first order in «.
IR divergences arising in vertex, box, and pentagon diagrams are cancelled by analogous
IR divergences in the real-emission part of the NLO cross section. The cancellation of IR
singularities for inclusive observables is guaranteed by the Kinoshita-Lee-Nauenberg (KLN)
theorem [73, 74]. p is the renormalization scale introduced in Sec. 2.1 and a factor of p4—¢
is included in the definition of the integrals to keep the strong coupling adimensional. A
detailed discussion of the UV and IR divergences of the (¢q, gg) — QQ~ virtual amplitudes
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Figure 2.4: Schematic representation of a one-loop diagram /integral.

will be presented in Secs. 2.3.1 and 2.3.2.

The tensor integrals that appear in the virtual amplitudes are first Lorentz decom-
posed into a linear combination of tensor-integral coefficients multiplied by suitable tensor
structures made of external momenta and the metric tensor. For example, the Lorentz
decomposition of a rank-2 3-point tensor integral can be written as

CH*(p1,p2;mo,mi,ma) = I (p1,pa;mo, mi,ms)
_1er? / dk krkY
i (2m)d [k2 — m3][(k + q1)? — m3][(k + q2)? — m3]

= ¢"Coo(p1, p2, mo, m1,m2)
+p' P C11(p1, p2, mo, m1, ma2) + php5Caa(p1, p2, mo, m1, ms)
+(p'py + phpY)Ci2(p1, P2, mo, M1, ma), (2.26)

where the Cj;’s are the tensor-integral coefficients for the rank-2 3-point tensor integral.
The tensor integral coefficients are then reduced to a linear combination of scalar integrals
using various techniques such as Passarino-Veltman (PV) [75], Denner-Dittmaier [76], and
Diakonidis et al. [77] methods. More details and an example of tensor-integral reduction
using PV method will be presented in Appendix C. This leaves the one-loop scalar integrals
as the fundamental building blocks of a one-loop calculation. They have all been evaluated
in the literature, and are nowadays collected into libraries. We use the QCDLoop package
[78] for this purpose.

Once the one-loop tensor integrals have been reduced, the numerator of a one-loop dia-
gram consists of Dirac structures containing v matrices and/or slashed external momenta,
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i, sandwiched between Dirac spinors, and multiplied by the polarization vectors of the ex-
ternal photon and gluons (in the gg-initiated subprocess). It is convenient to reduce to the
smallest set of Dirac structures, the so called Standard Matrix Elements (SMEs). In obtain-
ing the virtual-correction contributions to the NLO matrix element squared in Eq. 2.22, each
SME is interfered with the LO amplitude, and once we substitute the external-polarization
vector sums in Eqgs. 2.19 and 2.20 and evaluate the traces, the result is expressed in terms
of scalar products of external momenta. We use the FORM symbolic manipulation program
[79] to decompose tensor integrals in terms of tensor-integral coefficients, to handle the sim-
plification of Dirac structures to SMEs, and to interfere the SMEs with the LO amplitude.
The bookkeeping of all UV and IR divergencies is performed analytically by exporting the
FORM output to Maple, which we use for simplification and further manipulation of the pole
parts only. This allows us to check analytically the cancellation of the UV poles by properly
defined counterterms and the cancellation of the IR poles against the corresponding terms
in the O(a;) real correction to the cross section (see Sec. 2.4). On the other hand, both the
pole and finite parts of the virtual corrections are exported to a FORTRAN code for numerical
evaluation. To compute the total cross section and differential distributions we perform the
phase space integration numerically by using VEGAS, an adaptive multidimensional Monte
Carlo integration algorithm [80].

We have also used the spinor-helicity formalism, as a cross check, in calculating the LO
and virtual amplitudes, as will be discussed in Appendix B.2. In this case, we project out
the spin states of external particles at the amplitude level and express the results in terms
of the spinor products, (ij) or [ij], instead of the vector products p; - p; (see Appendix B.2
for notation). The amplitudes can be evaluated directly, by evaluating the spinor products
numerically. The value of the matrix elements squared are obtained by multiplying two
complex numbers. The usage of spinor-helicity formalism also generalize the definition of
the SMEs. Now, for each SME, we obtain a set of spin/polarization dependent SMEs, e.g.

SME(Z) — SME(Z, S1, 82, 83, S4, 85),

where the s;’s are the spin/helicity /polarization assignments of the external particles. The
SMEs can now be directly evaluated without interfering with the LO amplitude first. Using
the spinor-helicity formalism to handle the Dirac structures in the virtual amplitude is not
only useful as a cross check, but is also important to keep the information on the polariza-
tion of the final-state particles.

Finally, the evaluation of the cross section is prone to numerical instabilities which arise
in the reduction of tensor integrals using standard technique, such as the PV reduction (as
illustrated in in Appendix C). This is due to inverse powers of the Gram determinant (GD)
introduced at every stage of the reduction, where the GD for an N-point one-loop integral
is defined by

P1-pP1 p1 - p2 P1-PN-1
b2 - p1 P2 - p2 P2 -PN-1
Ay = ) . ) . (2.27)
PN-1-P1 PN-1-P2 - PN-1'PN-1
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Numerical instabilities arise when the GD becomes very small, due to degenerate kinematic
configurations. The worst case of these instabilities in our calculation occurs in pentagon
diagrams because the integral depends directly on the momenta of external particles (not
combinations of them as one finds in box, vertex, and bubble diagrams), which makes easier
to find mutual collinear configurations. Moreover, the pentagon diagrams in QQ~ produc-
tion may contain up to rank-3 5-point tensor integrals in the ¢¢ — QQ~ subprocess and
up to rank-4 5-point tensor integrals in the gg — QQ~ subprocess which introduce three or
four powers of the inverse GD, respectively.

In order to avoid the numerical instabilities arising in the pentagon integrals, we imple-
mented the following two approaches:

e We reduced the 5-point tensor integrals at the amplitude-squared level. In this case,
before defining the one-loop integrals, we interfere the amplitudes of the pentagon
diagrams with the LO amplitude, such that

. A’k {k* k- pi,pi-p;}
2RGZAO Ap e / (2m)4 DoD1DyDsDy (2.28)

Expressing the k2 and k - p; in terms of D; according to Eq. 2.24, and simplifying as
many D;’s in the denominator as possible, the tensor 5-point functions are expressed
as a linear combination of scalar 5-point functions and tensor 4-point functions, which
are numerically stable.

e We implemented the GD-free reduction technique by Diakonidis et al. [77], that
is based on recursion relations between Feynman integrals in different dimensions
[81, 82, 83]. This GD-free reduction is more complicated than the PV reduction and
less time efficient. In the numerical calculation, we switch from the PV reduction to
this GD-free reduction only when the GD becomes small. We detect the instability by
comparing the numerical value of the pole parts of the renormalized virtual amplitude
to the value obtained from the corresponding analytic expressions that are obtained
from both the virtual amplitude calculation as well as the real correction.

To illustrate the numerical instability problem, consider one of the pentagon diagrams
in the qq — tty subprocess, P, shown in Fig. 2.10. Parameterizing the phase space point
for the q¢ — tty subprocess in terms of the partonic center-of-mass energy and angle of
the incoming partons in the partonic center-of-mass frame (8§, €), the invariant mass and
momentum of ¢ pair (8,7, p;f), and the polar and azimuthal angles in the ¢t center-of-mass
frame (0,7, ¢47), the 5-point GD can be written as,

1

As = T P 252 (4m? — 8;7) sin® O sin® 0,7 sin? ¢,7. (2.29)

Fig. 2.5 shows how numerical instabilities arise in 2Re ) | Aj- Ap, for small ¢,;; when the PV

reduction is used while they are not present when the GD-free reduction and the reduction
at the amplitude-squared level are used.
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Figure 2.5: The P; virtual amplitude interfered with the LO amplitude as a func-
tion of ¢,;. Numerical instabilities arise in the small ¢;; region (where the GD
vanishes) when the PV reduction is used (red). Implementing the reduction at the
matrix element squared level (blue) and also the GD-free reduction (green) avoid
the instability problem. The inset shows a blow up of the small ¢, region.

2.3.1 O(a,) virtual corrections to q7 — QQ~

The O(a) virtual corrections to gz — QQ7y consist of bubble, triangle, box, and pen-
tagon diagrams that are shown in Figs. 2.6 - 2.10. We notice that the triangle diagrams
shown in Fig. 2.8 vanish due to Furry’s theorem [84]. As previously discussed, the virtual
corrections suffer from UV and IR singularities. The diagrams that contribute to the UV
singularities in this channel are listed in Table 2.1. The UV-divergent contributions have
been extracted analytically, and they are given by

Q'Rez (,/\/lgli)* M b = Z’ngP{ ZAllngV(Sz'(j) + Vi(j))
Z"j

virt
+2 [(5Z§Q>)UV + (5Z§q>>w + 52%] } (2.30)

where

2

2\ 2 2N €Uy €UV

Qg 5N 2n1f 2 2 1
el ket S N NI =
o [NS< 3 3 ) nalNog M?’] <€UV>’
5Z2(q), 5Z2(Q), and 0Z,, are the O(ay) terms of the massless-quark wavefunction, heavy-
quark wavefunction, and strong coupling renormalization constants respectively (with Z; =
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Figure 2.6: O(ay) bubble-diagram corrections to the g7 — QQ~ subprocess. The
red-circled crosses correspond to all possible photon insertions. The shaded blob
represents the gluonic, quark, and ghost loop corrections to the gluon propagator.
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Figure 2.7: O(a) triangle-diagram corrections to the g7 — QQ~y subprocess. The
red-circled crosses correspond to all possible photon insertions while the blue blobs
represent QCD correction to the quark-photon vertex

Vi

Figure 2.8: Vanishing O(ay) triangle-diagram corrections to the ¢z — QQ~ sub-
process. The red-circled crosses correspond to all possible photon insertions.
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Figure 2.9: O(as) box-diagram corrections to the ¢z — QQ~ subprocess. The
red-circled crosses correspond to all possible photon insertions.
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Figure 2.10: O(as) pentagon-diagram corrections to the qg — QQ~ subprocess.
The red-circled crosses correspond to all possible photon insertions.
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Table 2.1: List of UV divergent diagrams in the O(as) virtual corrections to the
qq — QQ~y subprocess.

Classes Diagrams
Triangles V1(1,2,374;a,b)7 V2(1,2,3,4;a,b)7 ‘/,3(1,273,4)
Boxes _
Pentagons _
CTs 52{157 522(Q)’ 5254)’ 5mQ

Table 2.2: List of IR divergent diagrams in the O(as) virtual corrections to the
qq — QQ~y subprocess.

Classes Diagrams
Bubbles -
Triangles V1(1’273’4?“’b)’ ‘/2(1,2;607 ‘/})(1,2)
Boxes B£2)7 351727374)7 B§1’2’3’4), B£1’2’3’4)
Pentagons Pio34
CTs 52201)’ 5Z§Q)

1+ 67;) introduced to cancel the UV-singularities at O(as) according to renormalization
schemes explained in the following. > |M@?|? is the LO matrix element squared of the ¢g
channel, given by Eq. 2.17, while Ny and N are prefactors defined by

2\ € 2\ €
N, = <47T’“‘ > T(1+¢) and Np= (4;’2‘ > I(1+e), (2.32)

512 Q
where s;; denotes the generic kinematic invariant defined by
Sij = 2pi *Dj- (233)

The strong coupling constant g is renormalized in the MS scheme modified to decouple
the heavy quark, i.e. the first ny light flavors are subtracted using the MS scheme, while
the divergences associated with the top-quark loop are subtracted at zero momentum:

as 2 11\ 1
Z,, = Zum)T( Snp— =N ) — 2.34
7, = amTa+of (Ju- ) = (2.34)
21 1 w2 2 1 u?
ooz |— 4+ [ L) [ +2 | —+m (5|} 2.35
03 6UV+n<mé> +3LUV+n<mt2 (2.35)

The wave-function renormalization constants for the external quark fields and the heavy-
quark mass counterterm are calculated in the on-shell subtraction scheme, obtained by
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imposing the following conditions:

@ _ 9@
07y" = — ) szo, (2.36)
§23% = —dg(ﬁ)‘ , 2.37
2 dp %:mQ ( )
omg = E(]ﬂ =mg), (2.38)

where Y(p) is the self-energy correction for external quarks, and the corresponding renor-
malization constants are explicitly given by

@ _ Qs (N LN/
<5Z2 >UV N 47TNQ ( 2 2N> ( €UV 4 ’ (2'39)
(9) — % N 1N 1
(622 >UV n 47TN8 < 2 2N> < evv ) (2:40)
omg o N 1 3
e = e(3oaw) (e ) 240

We notice that the sum of the UV-divergent contribution of the S; diagrams do not com-
pletely factor out the LO amplitude, i.e.

9q (q(i)y _ Us N _1 L\ qa
S a6 = e 5 aw| (Con ) AT AN AL, e
where
-~ QQQ " ]53+}Z5+mQ P31 Ps +mq
AVY = “3mo—2Ete 10 [yt | @ v
s Q 12 ini1 2324[ 2] [ 375 (p3 Fps)?— (p3 +ps)? — 2Q’YM 4
Qg 1 1
=S S I 2.43
NQ |:2 2N:| ( 6UV> ’ ( )
n QQQ T et AL —7’4—7’5+mQ
AVY = 3mSR 10 [yt | @
S§2) i2i1 2324[ 27 1] [ 3V (p4+p5) _mQ (p4 +p5) 52(5
g N 1 1
Zs AR I 2.44
><47'1'./\/'Q|:2 2N:|< 6UV>7 ( )
and e, g5, and Q¢ are the electric unit charge the strong coupling, and the heavy-quark

charge (in the unit of e) respectively. The AUV s 2175{ (‘g) singularities are indeed cancelled
1

by including the heavy-quark mass counterterm in the self-energy diagrams Sfl) and 552),
and this has already been taken into account in Eq. 2.30. We also notice that the UV sin-
gularities in the virtual gluon correction to the quark-photon vertex (diagram 1/'3(1’2’3’4) in
Fig. 2.7) are exactly cancelled by the first term of Eq. 2.42, due to the corresponding Ward
identity. The sum of UV-divergent contributions in the virtual diagrams and counterterms

leaves Eq. 2.30 UV finite. We have also confirmed that the scale dependence of Eq. 2.30
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follows Eq. 2.9.

Once the UV singularities have been extracted and cancelled using the outlined renor-
malization procedure, the O(a) virtual amplitude for the ¢ — QQ~ channel contains only
IR singularities. The diagrams contributing to the IR singularities in this channel are listed
in Table 2.2. Summing up all the IR-divergent contributions, the IR singular part is given
by

MRS (ME)" MY

virt

= SIMEP{ S AR 4B 4 )

.3
) (q)
+2 (674 )m + (974 )IR} } (2.45)
where
_ . . 1\ « 1 1 S 14+p
A% V(J)+B(J)+Pi — <——>—8/\/{———|——[ 34 ln( >
%: (; : ) N)or@ ¢tr  €Ir [ B(sn +2mé) =5

+2ln<m>+ln S1z —2”
514523 mg,
1 1
+N%NQ{—2—+—|:ID 8% +1H 8—2;1 —2:|},
2 €lr  €IR mg me

N 1 2
57.Q) ] ) (= 2.46
( 2 >IR 47TNQ 2 2N err)’ ( )
(q) Qg N 1 1

Z. = —Ng|—=——— — ], 2.4

<5 2 >IR 47TN (2 2N> <61R ( 7)
and we have introduced S as,
1 4m22 2.48
PN o (2.43)

2.3.2 O(a,) virtual corrections to gg — QQ~

As for the gg-initiated subprocess, the O(ay) virtual corrections to gg — QQ~ consist
of the bubble, triangle, box, and pentagon diagrams shown in Figs. 2.11-2.15. The appear-
ance of gluons as external particles generates more diagrams compared to the gg-initiated
subprocess due to possibility of having the three- and four-gluon self interactions. The
vanishing triangle diagrams are shown in Fig. 2.12. The gg-initiated virtual diagrams that
contribute to the UV singularities are listed in Table 2.3. The UV-divergent contributions
are given by

2ReY (MY Ml = 2ReD D (MP) (Myo +A)) (2.49)
Y]

+2|(624%)  +0Za, +02Z5+ 00y | 3 ImgR,
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Figure 2.11: O(a;) bubble-diagram corrections to the gg — QQ~ subprocess. The
red-circled crosses correspond to all possible photon insertions. The shaded blob
represents the gluonic, quark, and ghost loop corrections to the gluon propagator.
The u-channel diagrams are obtained from the t-channel diagrams by exchanging
the initial state gluons.
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Figure 2.12: Vanishing O(a;) triangle-diagrams in the gg — QQ~ subprocess.
The red-circled crosses correspond to all possible photon insertions.
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Figure 2.13: O(ay) triangle-diagram corrections to the gg — QQv subprocess.
The red-circled crosses correspond to all possible photon insertions while the blue
blobs represent QCD correction to the quark-photon vertex as shown in Fig. 2.7.
The u-channel diagrams are obtained from the t-channel diagrams by exchanging
the initial state gluons.
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Figure 2.14: O(as) box-diagram corrections to the gg — Q@7 subprocess. The
red-circled crosses correspond to all possible photon insertions. The wu-channel
diagrams are obtained from the t-channel diagrams by exchanging the initial state
gluons.
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Figure 2.15: O(as) pentagon-diagram corrections to the gg — QQ~y subprocess.
The red-circled crosses correspond to all possible photon insertions. The u-channel
diagrams are obtained from the t-channel diagrams by exchanging the initial state
gluons.



Table 2.3: List of UV divergent diagrams in the O(a;) virtual corrections to the

g9 — QQ~ subprocess.

Classes Diagrams
Bubbles | 8157 7.0 S5, St
Triangles 1(712731)7 5q,5gh;s? 7%7,%)’,?1)();15@
Boxes -
Pentagons -
CTs 573, 6759 6 7., 6mqg

Table 2.4: List of IR divergent diagrams in the O(ay) virtual corrections to the

g9 — QQ~ subprocess.

Classes

Diagrams

Bubbles
Triangles
Boxes
Pentagons
CTs

(1,2) (1,2,3)
1,2 1,2
P2;s 7(P7,8),10;t,(u )
1,2,3 1,2
P1§t,u7 P2;t,u ’ P3;t,u

873, 6752

where
as 1 5N 2ny 2 b
M = = N — T o —N— |:ta7t:|./4 )
( 55;1;2)>UV A eyy { ’ ( 3 3 > Q3} 0,5
(2.50)
M M
< st T M s
as Ng (N 1 99 [ a b} 1
+MSA(1;1£,243’4)>UV AT ey < 2 IN My" + ) B (-AO,t AO,u)
1
+ {ta, tb} 3 (Ao + Ao,u)}
+"2{U(‘1/,2) + -’Z{U(‘l/ﬂ) + A\UX,2,:3,4)7 (2.51)
S1§S Sfi;t,u S4;t,u

Qg
MV(1,2) + MV(l,Z,S) = —
1,258 7,8,9,10;t,u Uv 47T

No (3N _ L
2 2N

€UV

+ {ta,tb} % (.A(),t + Ao,u)} ,

1 IN  2ny P ,
AN (e S [t Ao,
€UV {N < 3 + 3 >+NQ3}[ AO’

Qs
MS(1,2) + MV(1,2) = —
5,6,7;s 4,5q,5gh;s Uv 47T

(7
M a2 + M a2 = =
VG;S V6 t,u Uv 47T

3ty

No (N 1Y oo
ey \ 2 2N 0
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Here the UV-singular contributions depend on the color correlation of the LO amplitudes.
The LO amplitudes, M{? and Ag,;, are given by Egs. 2.14 and 2.16. Similar to the
qq-initiated virtual subprocess, the UV-singularities due to the virtual gluon corrections
to the quark-photon vertex (diagrams ‘/'6(: ’2), 6(;1:2’3) in Fig. 2.13) are exactly cancelled by
the first term of Eq. 2.51. We also include the heavy-quark mass counterterm, given by
Eq. 2.41, into the self-energy corrections in diagram 5%2)7 Sé;lt’?u), 581;721;3’4), in order to cancel
UV-singularities that do not factor out completely from the LO amplitudes as explained in
Sec. 2.3.1. 0Z,, and 5Z§Q) are given by Eqs. 2.35 and 2.39, respectively. The external-gluon

wavefunction renormalization constant is computed in the MS scheme, and is given by

6z = Sam+of (33 -2u)

1 2 2 1 2
— +1In ,u_2 - = [— +1In <M—2>] }, (2.55)
UV mQ 3 cCUv my

with the extra caveat that a finite self-energy correction dyy needs to be inserted for the
gluon external legs,

2
_5b7Q§

2
sov = Lmr+ e (2N = 2o ) (L) (2.56)
47 3 3 mg,

The sum of UV-divergent contributions and counterterms leaves Eq. 2.49 UV finite, and
one can verify that the scale dependence of Eq. 2.49 agrees with Eq. 2.9 .

Switching the discussion to the IR-singularities, the diagrams contributing to the IR
singularities in this channel are listed in Table 2.4. The IR singular part is given by

WReY S (M) MiLulye = ARV + BY 4 )
Y]

+2|(624%) +(0Zs)15] Y IMEP?
= TENGY_ (CLAT + CoAT: 4 C5AT)
Ui (o - S L) ST e
+27TNQ <3n1f 3N+ N) GIRZ‘MO |“,  (2.57)

where we have organized the result according to three color factors,

2
c = NT(NQ—l),
1
G = —7 (V1)
1
Cy = <1+ﬁ> (N?-1), (2.58)
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and the corresponding amplitudes, given by:

i (e ()] et
€IR €IR

A

+ (Ag*’

}

1
+— |In (ij’) +ln (S >] |Ag.s + Ao
€IR me mQ
1
+— |ln (%) +1In <823 >] |Ag,s — Ao t‘ (2.59)
€IR me mQ
4 2
A€C2 — _2i+— —2+1In S% +1In S% +1In si; +1In 8—2;1 ~‘A8b
€l €IR mg mQ ma mQ
2 A 2 2
+_L2.{‘Agab +‘Agb }, (2.60)
€IR (834 + 2mQ) 154
2
A0 = L sab ‘Agb , (2.61)
€IR (834 + 2mé> 154
where 148
+
A=In <ﬂ> ) (2'62)

and f3 is defined in Eq. 2.48. A% and A% are given by Eq. 2.15.

2.4 O(a,) real corrections to pp(pp) — QQ~ production

The O(ay) real corrections to pp(pp) — QQv production consist of three subprocesses,

g — QQv+y,
99 — QQv+y,
q9(ag) — QQv+q(q).

In addition to the ¢¢- and gg-initiated subprocesses that also appear in the LO process and
the O(ay) virtual corrections, the gg- and Gg-initiated subprocesses open up at tree level
in the O(ay) real corrections and at this order (NLO) they do not have virtual counter-
parts. From here on in this thesis, the gg notation will include both the ¢g and the gg
channels. Some representative Feynman diagrams for the three subprocesses are shown in
Fig. 2.16. In this section, we will use the same momenta and color index assignments as in
Egs. 2.10 and 2.11, with the addition of an extra parton momentum,

i(p1) + 3 (p2) — Q(p3) + Q(pa) +v(ps) + fr(k). (2.63)

where ¢ and j are the initial state partons that include ¢g, gg, and ¢g(gg), while fj corre-
sponds to the extra parton that is emitted in the process (g/¢/q) depending on the initial
state partons. These real-correction diagrams suffer from IR singularities when,
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e a gluon emitted from an external heavy-quark line becomes soft (diagrams a and d in
Fig. 2.16),

e a gluon emitted by an external massless-quark or gluon becomes soft and/or collinear
with the emitter parton (diagrams b and e in Fig. 2.16),

e a (g pair that comes from the splitting of an initial state gluon becomes collinear,
where, either ¢ or ¢ is a final state particle (diagram g in Fig. 2.16),

a photon emitted from a massless final state quark line becomes collinear with the
emitter quark (diagram ¢ in Fig. 2.16).

In this section we focus on the first three cases while the treatment of the last case
will be discussed in Sec. 2.5. To extract the QCD-originated IR singularities we use the
two-cutoff Phase Space Slicing method (PSS2 method, see Ref. [85] for a detailed review).
In order to illustrate how the phase-space-slicing method works in general, let us consider
a one-dimensional example [86], e.g.

1
I= d—xx_ﬁ./\/l(:n). (2.64)
0 X
We can imagine that the integral represents the integration over a phase space variable of
the extra parton emitted in a generic real correction. x could correspond to the gluon energy
or the angle between two (collinear) partons. The factor of ¢ regularizes the divergence
as + — 0 (e < 0) and allows us to extract the existing singularities as poles in e. The
real-emission matrix element, M(x), factorizes into the tree-level matrix element, M(0),
multiplied by a universal singular function as z — 0. To isolate the singular region of the
integration, a parameter ¢ is introduced. In the singular region, the factorized form of the
matrix element is used. The integration now becomes,
1) 1
d—xx_ﬁ + d%./\/l(a;),

0o T 5

1 ., Uda

T = M)

§
1 Vde

= < - + ln(é))M(O) + ?M(az), (2.65)

é

where we have expanded §~¢ in the singular region and take ¢ = 0 in the non-singular
region. The singularity in Z manifests itself as a 1/e pole, while the remaining finite term
can be integrated numerically. The final result, of course, should not depend on the slicing
parameter 9.

Returning to the calculation of the real corrections to Q@ production at hadron col-
liders, the real-emission cross section can be written as:

4o = APS(QQy + fi) S |[M(ij = QQv + fi)| (2.66)

We consider first the form of the matrix elements in the soft and collinear limits.
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1. Soft limit
In the soft gluon limit, where F, = k9 — 0, the real-emission matrix element factorizes
to the eikonal current multiplied by the LO amplitude,

_ 1 e (k _
ME(ij = QQY + ot ~ gsw<2 T?%)M(zj —QQv.  (267)
f=1

where c is the color index of the emitted gluon and M(ij — QQ~) is the LO color-
correlated amplitude. The sum corresponds to the soft gluon that is emitted from
the four external partons in turn. T is the SU(N) color charge associated with
the emitting parton f. If the emitting parton is a final state quark or an initial
state anti-quark, the color charge is in the fundamental representation, (1%);; = tg”j,
(i,j = 1,..,N). For a final state anti-quark or an initial state quark, (7%);; = —t{,.
If the emitting parton is a gluon, the color charge is in the adjoint representation,
(T")pe = i fape- Squaring Eq. 2.67 and summing over the gluon polarizations gives:

N 4
SIMGT > @y + o) = Umite) 30 (= S PEEE )My~ 00,
Lp=1

(2.68)
where B
Myp(ij = QQ7) = (TFM)(THM)T, (2.69)
is the color-connected LO amplitude squared. On the other hand, the QQ~ + g phase-
space factor in the soft-gluon limit has the following form,

- - A1k
dPS soft =~ dPS —_— 2.70
(QQ/}/ + fk) ft (QQ/}/) (27T)d_12]€0 ( )

The real-emission cross section in the soft limit then becomes,

| ) B dd—lk7
Aoy |op = (ATp™ o) dPS(QQY) (2m)d 1250
4
P pf ) iy -

X — = I M (ij — QQ). 2.71
ffZ( I My CY

2. Collinear limit
Suppose that the initial parton 7 splits into a pair of parton i’ + f;. In the collinear
limit, where cos8;; — 0, the factorization of the matrix elements and the four-body
phase-space factor, with py = zp; and k = (1 — 2)p; are

1/ (2)

- ) — _ 2P,
D MG = QQy+ fillen = (4mu*as))y IM(j = QQ)IP——=, (2.72)

ik
d—1
dPS(QQ'Y + k)COH ~ dPS(QQ’Y)Z@ﬂC_l)di_ll;kO, (273)
- I'(1— 4m)©
X zdz dsi, [(1 — 2)siu] "¢, (2.74)
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Table 2.5: All possible splittings of initial partons to be included in the calculation
of the collinear cross section. For the i — jk splitting process, the splitting function
is given by P;;(z).

Subprocesses | Splitting | Emitting Leg(s)

9 —QQv+g | ¢—qg 1
B q—4q9 2

99 > QQY+g | g—9g9 1 and 2
99 > QQY+q | ¢—9q 1
B 9 —qq 2
9 > QQY+q | 499 1
9 —4qq 2

where we have substituted d = 4 — 2¢ in Eq. 2.73. The real emission cross section in
the collinear limit becomes

['(1—¢) (4m)°
I'(1 — 2e¢) 1672

2Py ()= . ~
x D dsanl(1 = 2)sal T E Y TIMIE - QO

o] = (dmp*ay) dPS(QQy) dz (2.75)

coll

In Table 2 we list all possible splittings of the initial partons that have to be taken
into account when computing the collinear cross section.

Implementing the PSS2 method into our pp(pp) — QQ~ calculation, the real correction
cross section is divided into the soft (dé&3;), hard/collinear (dc}?j"), and hard/noncollinear

(dc}ihjm) pieces,
Ao = do5; + doj + 6. (2.76)
The soft and collinear regions of the phase space are defined by the soft and collinear

cutoffs, 5 and J., respectively. In the following, we will discuss the soft, hard/collinear and
hard /noncollinear cross sections in more detail.

e Real correction, ij — QQY + fi: soft region

The soft cross section, d&fj, only receives contributions from the ¢¢- and gg-initiated
subprocesses, thus f;, = g. The soft region of the ij — QQ~ + g phase space is defined

by requiring that the energy of the emitted gluon satisfies

;0 < 5,V ;12. (2.77)

The integration over the emitted gluon phase space in Eq. 2.71 is carried out in
d = 4 — 2¢ dimensions, in order to extract the IR singularities as poles in €, with the
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condition in Eq. 2.77 imposed. The integrals needed to perform the energy and angular
integration in d-dimension are given in [85, 87]. Since the IR singularity structures of
the O(ay) real corrections to QQ~ hadroproduction are exactly the same as for the
QQh hadroproduction, we will take all the corresponding results from the calculation
of QQh hadroproduction at NLO QCD [88, 89]. After integrating the eikonal current
over k as in Eq. 2.71, for both the gg- and gg-initiated subprocesses, one obtains:

~S _ ~ g ~— q12 XEQ Xil s 028
&5, = dPS(QQn) %NQZIM?I {62— NG (2.78)

IR N
~S = Qg L
Aoy, = dPS(QQ) %NQZ{(A(MSZ + M) + oM + M)
+C3(ME) + Mg’))}, (2.79)

where X?®,, X*,, C7, and C§ are given in Eq. 34 of [88], while Mgf’g) and Mg’2’3)
are given in Eqgs. 39 and 42 of [89]. (23 are given in Eq. 2.58. We notice that the
IR singularities in the virtual amplitudes, Eqgs. 2.45 and 2.57, are cancelled by the
corresponding singularities in the real corrections, Eqgs. 2.78 and 2.79.

Real correction, ij — QQ~ + fx: hard/collinear region

The hard/collinear region of the ij — QQv + fi phase space is defined by requiring
that the energy of the emitted parton satisfies

K0 > 6,V ;12, (2.80)
and one of the following conditions on the angle between the initial and emitted parton
is satisfied:

1—cosbip < b
1 —cosby < o (2.81)
Note that the soft singularity does not present in the gg-initiated subprocess, thus

the energy of the emitted parton satisfies k° > 0 instead of Eq. 2.80. Performing the
integration over z and s;; in Eq. 2.75, one obtains:

dohe = %NQ[—EHMC} (2.82)
27 €

9,99

1-6, 2., T _
{ / dz[(l ) 8—;] ai«z)d&%?gg(z"j%QQwH(my‘)},

2z me
1 2 —e
~he Qg 1 (1 — Z) Si’j
- = — ~ +1nd.
A6 4g ZwNQ[ € - no } /0 dz[ 2z mé

{qu(Z)dﬁf (9(p1)g(p2) = QQY) + Pyq(2)doy? (a(p1)a(pa) — QQ’Y)}'

(2.83)
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e Real correction, ij — QQ~ + fi: hard/noncollinear region

The remaining real-emission cross section to be calculated in the PSS2 method is the
hard /noncollinear contribution. The hard/noncollinear region of the ij — QQ~y + f
phase space is defined by requiring that the energy of the emitted gluon satisfies

kO > 65—”;12, (2.84)

and both conditions on the angle between the initial and emitted parton are satisfied:

1—cosbip > b,
1 —cosfy, > 0. (2.85)

The hard /noncollinear cross section is very straightforward to evaluate since there is
no singularity in this region. Kq. 2.66 can be integrated numerically in four dimensions
by imposing the requirements in Eqs. 2.84 and 2.85. In our calculation the matrix
elements for the ij — QQ~ + fi are generated using MadGraph [5] and interfaced with
our in-house codes for numerical integration.

2.5 Photon isolation and quark-photon final state
singularities

The production of photons in hadronic collisions can be described via two main mech-
anisms:

1. Prompt photon

Prompt-photon production includes both the case in which a photon is directly pro-
duced from hard scattering and the case in which a photon is produced from the
fragmentation of a QCD parton (schematically shown in Fig 2.17). The probability
for a parton i to fragment into a photon is represented by the corresponding photon
fragmentation functions (FFs), D;_,,(z, M), where z is the fraction of the parton mo-
mentum that is carried by the photon, and Mg is the fragmentation scale. Similar to
PDFs, FFs have to be extracted from experimental data due to their non-perturbative
nature. The cross section for prompt-photon production is given by

1
0" (Mp) = 0} 0et + /0 dz Z 05 Doy (2, Mp), (2.86)
a

where o, . represents the cross section for the direct component while o denotes
the cross section for the production of a parton a, that further fragments to a photon.
Examples of available FF's in the literature are the set by Bourhis, Fontannaz, and
Guillet (set I and IT) [90] and the one by Gehrmann-de Ridder and Glover [91].

2. Secondary photon
”Secondary” photons are coming from the activities of unstable hadrons, e.g. 7 — vy
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(@)

Figure 2.17: Prompt-photon production includes (a) the direct process and (b)
the fragmentation process.

Figure 2.18: Photon isolation in the virtual corrections (left) and the real-emission
corrections (right).

decay. The contribution from this mechanism can be suppressed by requiring that the
photon is isolated. The photon isolation cut is realized by limiting the amount of
hadronic activities inside a cone around the photon with radius Ry, given by

Ro = /A2 + A2, (2.87)

An is the pseudorapidity difference between a photon and a jet, where the pseudora-

pidity is defined by,
L[+ pz>
n= —ln< , 2.88
2"\l - (259
while A¢ is the photon-jet azimuthal angle difference. The hadronic activity is limited
by imposing that

Z Er(had) < expr(7) or Z Er(had) < EF™. (2.89)
€Ro €Ro

Hence the transverse hadronic energy, Er(had), where Er is defined by,
Er = \/p% + m?, (2.90)
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is limited by some small fraction (e;) of the photon transverse momentum prp(vy) or
some fix upper value E7**. After isolation cut, the value of z is typically large, and
since the FFs are dominant in the low z region, the isolation procedure drops the
fragmentation contribution substantially.

The singularity structures (both UV and IR) due to the NLO QCD corrections to the
QQ~ production and their cancellation have been discussed in Sec. 2.3.1, 2.3.2 and 2.4.
However, there is another IR singularity in the pp(pp) — QQ process that we still need to
address, when the final-state photon and the massless extra parton become collinear !. This
singularity arises in the real emission process, e.g. diagram i in Fig. 2.16. Imposing naive
photon isolation criteria or a photon-jet separation cut, R(v,j) > Ro, will make our NLO
calculation IR unsafe. As illustrated in Fig. 2.18, a gluon that is emitted in the real-emission
process has to be integrated over the entire phase space in order to cancel the singularity
from the virtual counterpart. To take care of the final state quark-photon singularities, we
have used Frixione’s smooth cone isolation [92]. The isolation prescription is as follows:

1. Reject the event unless the following condition is fulfilled,
. 1—cosR
7 _ . Y - <
Ei ET70(R—R;,) < ET<1 = R0> for all R < Ry, (2.91)

where the ¢ summation runs over all final-state partons in the process. Erfpm is the
transverse energy of the parton (photon). Ry is the size of the isolation cone and

Riy =/ (A01)% + (A )2

The #-function ensures that the ¢ summation only receives contributions from partons
that lie inside the isolation cone. R = R;. if there is only one parton inside the
isolation cone, while for the case where more than one photon is present inside the
cone, R is the largest R(i,7) inside the cone.

2. Apply a jet algorithm of choice to the partons in the event. The jet algorithm will
find m+n candidate jets, where m(n) is the number of candidate jets that lies outside
(inside) the isolation cone.

3. Apply any other experimental cuts to the photon and to the m candidate jets that
lies outside the isolation cone.

An event that passes the prescription above is defined as an isolated-photon plus m-jets
event. The r.h.s of Eq. 2.91 vanishes as R — 0, thus the collinear configurations are sup-
pressed while the soft radiations are allowed to be present arbitrarily close to the photon.
Since the collinear configurations are completely removed, there is no fragmentation com-
ponent in Eq. 2.86.

'Note that the hard photon cut that is imposed in the calculation eliminates initial state parton-photon
collinear singularities and all soft photon singularities.
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2.6 NLO cross section for pp(pp) — QQ~ production

Now that we have computed the separate pieces of the cross section, i.e. virtual parts
(¢qq and gg) and real parts (qq, gg and qg), we can collect all the results to build the
NLO total and differential cross sections. As discussed in Sec. 2.3.1 and 2.3.2, the UV
singularities in the virtual diagrams are cancelled by the renormalization procedure, while
the final-state and part of the initial-state IR singularities are completely cancelled by
the soft and collinear singularities in the real emission corrections. The remaining initial-
state collinear singularities in the real corrections are reabsorbed into the renormalized
parton distribution functions. In the MS-subtraction scheme, the renormalized NLO parton
distribution function for ¢ — qg splitting in the gg-initiated subprocess is given by,

e - sl (o (o )

S or ,u%
as (Arpd\ 1=0s 1 (T
" 27T< ' >F(1+6)/x S Paem (L), o)

where Cp = (N? — 1)/2N, and .}"Zp/ﬁ(a:) is the bare parton distribution function. For the
g — gg splitting that appears in the gg-initiated subprocess, the MS renormalized NLO
PDF is given by

2\ €
/P _ Fplp _ Qs (ATpg 1 1 _me
FUP(x, i) FoP(x) [1 < i ) F(1+6)<6>N<21n58+ 6 3N

as ((dmpg\ 1=0s 1z 1 /5T
%< s )I‘(l—l—e)/x E(- Dz (L), e

and finally for the ¢ — ¢q@, ¢ — qg or ¢ — @g splittings in the tree-level gg-initiated
subprocess, the MS renormalized NLO PDF is given by

5 5 as [(Amus\ € Ldz 1 5(
FP (w0, pp) = f,f/p(:n)+—< “R> I‘(l—l—e)/ 7( )P,jk,(z)f,f/p<—>,

2 ,u% e z

(2.94)

where (k, k") = (g9,9),(9,9),(q,9),(q, 9)- PZ-‘; is the O(1) part of the corresponding Altarelli-
Parisi splitting functions. The quark-photon final state singularities that arise when the
photon is emitted collinearly from final state massless partons are removed by imposing
Frixione’s smooth-cone isolation prescription, as discussed in Sec. 2.5. The NLO cross sec-
tion is now free from both UV and IR singularities.

By convoluting the leading order, virtual and real emission partonic cross sections with
the renormalized parton distribution functions, given in Eqs. 2.92 - 2.94. The NLO cross
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sections are found to be

NLO 5
doyiteg = Z drydzoFr (24, u)]-?/p(ajg, i)
1j=49,99,99

X [d&iLjO(w1,$27u) + d5¥+CT+S($1,w2,M)]

1—6s
+ Z /dxuim{/ @ FP (wl )]:p/p(:ng 1) dc}L-O(:L"l T, 1)
7 ’ 1] 9 9

B ) z z
1)=449,4949,99
s | o4 s12 (1—2)? & /

><27T[Pii(z)l <ﬂ2 5 ) ~Pi)| + (12

+ S [ derdesFP @y, ) FYP (w2, 1) dS T (21, 22, 1), (2.95)
1j=49,99,99

o = =Y [ dwldwz{ / TF () FY w2 o) (w2, )
1 q,q
4 5192 (1 — 2)2 50

X [Pig(z)ln<ﬁ — ) - pi/g(z)

dz .
T e T LT
1

X[P;Z-(z)l <‘:§( )2‘;> Pli(z )} +(1<—>2)}

z

+ Z /dxlda:g{}"f(a:l,u)}'“é’/p(acg,u)d ggc(xl,xg, p)+(1+<2)}  (2.96)
i=q,q
where we have set up = pr = i, and Pj; is the O(e) part of the Altarelli-Parisi splitting
functions. The LO partonic cross section is given in Eq. 2.21, dahm is obtained from Eq. 2.66
by imposing the hard /non-collinear cuts, while

~V+CT+S
Aoy O = dPS(QQv) { 2ReS (MDY M|
—I—QRGZ ./\/l?frt yy  (from Eq. 2.30)
+2Rez ./\/l?,?rt ;g (from Eq. 2.45)}
+ dég,; (from Eq. 2.78), (2.97)

virt | finite

dYHOTHS dPS(QQy){ IReS (MEI)* M

+2Re> (ME9)" M2

virt |[UV (from Eq- 249)

+2Rez MDY MY ;p  (from Eq. 2.57)}

+ déy, (from Eq. 2.79). (2.98)
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2.7 Treatment of bottom quarks in the final state

The calculation of QQ~ production at hadron colliders at NLO accuracy allows us to
study the phenomenology of both ¢ty and bby production. Practically, one can simply spec-
ify the mass (m¢g = m; or m;) as well as the charge of the heavy quark (Qg = Q: or Q) to
switch from one to the other. The case of a final-state bottom-quark pair, however, requires
an extra care due to both theoretical and experimental issues.

The short lifetime of the top quark allows it to decay (dominantly via t — bWW') before
it hadronizes. In calculating inclusive observables in tty production, the top quark can
be considered as a stable final state, as done in [45] and [46]. Alternatively, one can also
consider more exclusive modes, where the decay of the top-quark pair is also considered.
The study of ¢ty production including NLO QCD corrections both in the production and
decay stages is done in [46]. We will consider only the stable top-quark case in this thesis.
On the other hand, a bottom quark in the final state will form a jet that can be detected
experimentally via b-tagging. A b jet differs from a light-quark jet due to the longer lifetime
of a B hadron that allows the corresponding b jet to form a secondary vertex. For bby
production, we will consider the following cases:

e at least two b jets observed in the final state (pp(pp) — bby + X, "2b-tag”),

e at least one b jet observed in the final state (pp(pp) — b(b)y + X, "1b-tag”).

The calculation of the case where at least one b jet is identified in the final state can
be done using both the Five Flavor Number Scheme (5FNS) and the Four Flavor Number
Scheme (4FNS), while the case of at least two b jets are identified in the final state can only
be done in the 4FNS. In the 4FNS calculation, the final-state bottom quarks are treated
as massive, and the number of light quarks, ny, is four and only light quarks and gluons
are allowed in the initial state. Here, we take our QQ~y calculation and set mg = my,
Qo = Qp and nyy = 4, require only u, d, ¢, s flavored quarks and gluons to contribute in
the initial state, and specify how many b jets are identified in the final state by imposing a
jet algorithm as well as selection cuts on the final state b-quark transverse momentum and
rapidity. When a final state b quark is not identified, the integration over its phase space
will generate logarithms of the form,

ln<2>, (2.99)

myp

technically @ is the upper bound on the pr of the unobserved b-quark which is typically of
the order of the scale of the hard scattering. Due to the smallness of the bottom-quark mass,
these logarithms can become large and spoil the convergence of the perturbative expansion
of the cross section.

In the 5FNS calculation, bottom quarks are allowed in the initial state and treated

as massless (njy = 5). The logarithm in Eq. 2.99 can be factored out and resummed by
introducing a bottom-quark PDF,

_ 2 1 _
;’/p(w,u):%ln(%) [ Lr (%) ) (2.100)
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Figure 2.19: Feynman diagrams of gb — by subprocess in the 5FNS calculation of

pp(pp) — b(b)y + X process.

where f§ /P (x, ) is the gluon PDF and P, is the bAltarelli-Parisi splitting function for g —

qq given by Eq. D.22. The resummation of different orders of leading logarithms in Eq. 2.99
is realized via renormalization group arguments in the form of DGLAP equations. By
defining the b-quark PDF, the 5FNS approach restructures the calculation as an expansion
in terms of o and different powers of the logarithms in Eq. 2.99. As a result of the 5FNS
approach, the process where at least one b jet is identified in the final state now starts at LO
with the gb — by subprocesses, shown in Fig. 2.19, with my = 0. It is important to notice
that the factorization of the logarithms in the 5FNS relies on the approximation that the
bottom quark that is not tagged, have small transverse momentum. The resummation of
the collinear logarithm in the 5FNS leads to a more stable perturbative behavior, although
it only takes into account certain region of kinematics (i.e. low—pl{p region). As already
mentioned in Sec. 1.3, the 5FNS theoretical predictions for pp(pp) — v + b+ X has been
reported in [57] at NLO QCD accuracy, including the fragmentation contributions also at
NLO. In this thesis we will calculate v 4+ b + X process at NLO with the 4FNS approach
and compare with the 5FNS results to identify how to obtain more reliable theoretical
prediction.

2.8 Checks on the calculation

Given the complexity of NLO calculations, comprehensive cross checks need to be per-
formed in order to obtain correct results and efficient numerical codes. We have performed
several direct checks on our calculation, ranging from testing all building blocks of the
calculation to comparing the final results (i.e. the total cross section and differential distri-
butions) among independent calculation and codes. In addition, we also performed indirect
checks, where we used the tools developed for our QQ~ calculation to calculate similar pro-
cesses (by replacing the photon final state with other bosons, such as a scalar or pseudoscalar
Higgs boson), available in the literature, as well as to produce some new results.

2.8.1 Direct checks on the calculation

We have performed a number of checks at various stages in our calculation:
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e The virtual amplitudes have been cross checked against an independent calculation
that uses NLOX, an automated package for one-loop calculations [16]. The checks are
done at the level of the matrix-element squared for a few phase-space points, as well as
at the level of the total cross section and the corresponding differential distributions.

e The implementation of tensor-integral reductions (& la Passarino-Veltman and a la
Diakonidis et al.) is checked against independent routines that are part of the NLOX
package.

e The real corrections are cross checked against an independent numerical implementa-
tion of the two-cutoff phase-space-slicing method both for few phase-space points and
at the level of the total cross section and the corresponding differential distributions.

e The pole cancellation (both UV and IR) are checked analytically and numerically. We
also confirmed that the renormalization scale dependence of the virtual amplitude has
the form of Eq. 2.9.

e QOur virtual routines have been interfaced with the SHERPA package, allowing us to
have an independent cross check of the real corrections. SHERPA employs the dipole
subtraction method to isolate the singularities in the real corrections. The total cross
section obtained from SHERPA is in a perfect agreement with our result.

e We were able to reproduce the total cross section and differential distribution of the
previously published result for tfy production [46].

2.8.2 pp(pp) — QQ + h/A® production: indirect checks on the calculation

Studying different processes using the NLO framework developed for QQ~ production
is an efficient way to reproduce existing results and to provide new ones, and is also impor-
tant as an indirect check of the building blocks of our codes. In particular, as such testing
ground, we have considered the scalar- and pseudoscalar-Higgs production in association
with a heavy-quark pair at hadron colliders, i.e. pp(pp) — QQ + h/A°.

The differences between the calculation of QQ + v and QQ + h/A° productions are

1. The coupling between the bosons and the heavy quark.

The couplings between the heavy quark and the boson (h/AY/v) are diagrammatically
shown in Fig. 2.20. Apart from the obvious difference in the overall coupling, the
differences illustrated in Fig. 2.20 affect the structure of the v matrices. The SMEs
that are constructed for QQ + h/A° production have simpler structure compared to
the QQ + ~ cases due to the scalar coupling. The QQ + A° process, however, has
an extra s in the coupling. In addition, QQ + h/A" production involves a smaller
number of diagrams in the g¢g-initiated subprocess since the diagrams involving a
scalar /pseudoscalar Higgs boson emitted from the initial state (massless) quark do
not contribute.

2. The masses of the final state bosons
The fact that the scalar and pseudoscalar Higgs are massive while the photon is
massless affects in particular the kind of scalar integrals that need to be calculated.
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Figure 2.20: The qgh, qGA, gy couplings that enter in the calculation of pp(pp) —
QQ + h/A°/~ process.

3. The contributions from the finite fermion-loop trian_gle diagrams.
The vanishing fermion-loop triangle diagrams inﬁQQ’y production (shown in Figs. 2.8
and 2.12) are non-vanishing and finite in the QQ + h/A° production.

pp(pp) — tth production has been previously calculated [88, 89, 93, 94, 95, 96]. This has
allowed us to comprehensively check our results both diagram-by-diagram and at the level
of the total amplitudes at fixed phase space points as well as at the level of the integrated
cross section and differential distributions. Similarly, the pseudoscalar case, pp(pp) — t£A°,
has been computed recently and we have been able to reproduce the total cross section
as well as the differential distributions reported in [95]. Our t£A° calculation also serves
as an important cross check for the independent unitarity-based calculation of the virtual
corrections performed in [97]. On the other hand we have obtained new results for the pseu-
doscalar Higgs production in association with bottom-quark pair, pp(pp) — bbA", where we
studied both the case in which at least one b jet and the case in which at least two b jets
are observed in the final states [98].
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CHAPTER 3

RESULTS FOR ttv PRODUCTION AT HADRON
COLLIDERS

In this Chapter we present numerical results for the inclusive production of a hard photon
in association with a top- and antitop-quark pair at hadron colliders, pp(pp) — tty + X,
including the full effect of NLO QCD corrections, as described in Chapter 2. The dependence
of the total cross section on the cutoff parameters in the PSS2 method, ds and ., is first
examined. The impact of renormalization and factorization scale variations on the total
cross section of tty production is studied, followed by the presentation of some interesting
differential distributions both at LO and NLO accuracy.

3.1 The Setup

The numerical results for ¢ty production are presented for proton-proton collisions at
the LHC with /s = 8 TeV center-of-mass energy and for proton-antiproton collisions at the
Tevatron with /s = 1.96 TeV. The following SM parameters will be used in our calculation,

Parameter Value
my 173.2 GeV
o 1/137

where m; and « are the top-quark mass and the electromagnetic coupling constant respec-
tively. We adopt the Five Flavor Number Scheme (5FNS) for the ¢ty calculation, in which
the bottom quark is treated as massless, and the number of light quarks is set to ni = 5.
For the LO results we use the CTEQ6L1 PDF set [99] and the one-loop evolution of the
strong coupling av, with a©(My) = 0.13, while for the NLO results we use the CT10 PDF
set [68] and the two-loop evolution of ay, with aNYO(My) = 0.118. The renormalization
and factorization scales are set equal to one another, and the central scale is chosen to be
the mass of the top quark, ur = pur = o = mz. The photon in the event is required to
satisfy the Frixione isolation condition with the cone size Ry = 0.4 and to pass the following
selection cuts,

pr(y) > 15 GeV and |y(v)| < 2.37, (3.1)
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Table 3.1: LO and NLO QCD total cross sections for pp(pp) — tty + X at the
LHC (y/s = 8 TeV) and the Tevatron (y/s = 1.96 TeV), together with their
K-factor defined as K = onpo/oro. The uncertainties are due to renormaliza-
tion /factorization scale dependence, obtained by evaluating the cross section at
= my/2 for the upper value and at u = 2m; for the lower value. The integration
errors are at the %o level.

Collider oLo [fb] | onvo [fb] | K-factor

LHC at 8 TeV 521.5755% | 738.4110% | 0.8 - 1.8

+41% +1.7%
Tevatron at 1.96 TeV | 48.17-c/ | 45.7715° | 0.3 - 1.4

where y(7) is the rapidity of the photon, and the rapidity is defined by

1 E+p,
Y= 2ln <E—pz> . (3.2)

Notice that for a massless particle (e.g. photon) the rapidity and pseudorapidity (see
Eq. 2.88) coincide.

3.2 Numerical Results

We first check our implementation of the PSS2 method by examining the total cross
section as the two cutoff parameters, ds and 4., are varied. The total cross section for tiy
production at the LHC with §, fixed at 2 x 1076 and §, varied from 1073 to 107° is shown
in Fig. 3.1. In addition, the total cross section for the same process with &, fixed at 10~
and . varied from 10~* to 1079 is shown in Fig. 3.2. Similarly, the 6,- and d.-dependence
plots for tty production at the Tevatron are shown in Figs. 3.3 and 3.4, respectively. We
can see from Figs. 3.1 - 3.4 that the total cross section does not depend on the value of
ds and J. and any choice in the broad ranges shown in the figures is equivalent. However,
while smaller é5 and d. give a better approximation of the soft and collinear cross sections,
they also induce bigger numerical cancellations between the 2 — 4 (hard/mon—collinear) and
the 2 — 3 contributions (osof; + Thard/coll T Ttree + Ovirt), leading to a bigger integration error
on the total cross section. To obtain the total cross section and differential distributions
presented in this thesis we have used mid-range values, namely §; = 10~* and §, = 107°.

In Figs. 3.5 and 3.6, we show the dependence of the total cross section on the renormal-
ization and factorization scales at the LHC and at the Tevatron, respectively. The renormal-
ization and factorization scale dependence are commonly used to estimate the ‘theoretical
error’ due to the missing higher order terms when we perform the calculation at fixed order
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Figure 3.1: The upper plot shows the total cross section for pp — tty + X at the
LHC with /s = 8 TeV as a function of the (PSS2) cutoff d5, while keeping ¢, fixed
at 2 x 107, The total cross section (black solid line) receives contribution from
2 — 4 and 2 — 3 processes as shown in the plot. The 2 — 4 part (red dashed
line) consists of the hard/non-collinear cross section, while the 2 — 3 part (blue
dot-dashed line) consists of the tree level, virtual, soft and hard/collinear cross
sections. The lower plot shows the blow up of the total NLO cross section (black
solid line) together with the corresponding integration errors.
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Figure 3.2: NLO total cross section for pp — tty+ X at the LHC with /s = 8 TeV
as a function of the (PSS2) cutoff 6., while keeping d, fixed at 10™*. See caption
of Fig. 3.1 for details.
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Figure 3.3: NLO total cross section for pp — tty + X at the Tevatron with /s =
1.96 TeV as a function of the (PSS2) cutoff s, while keeping 6, fixed at 2 x 107°.
See caption of Fig. 3.1 for details.
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Figure 3.4: NLO total cross section for pp — tty + X at the Tevatron with /s =
1.96 TeV as a function of the (PSS2) cutoff §., while keeping J, fixed at 107*. See
caption of Fig. 3.1 for details.
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in perturbation theory. We see that both at the LHC and at the Tevatron the scale depen-
dence of the cross section improves when we include the effect of NLO QCD corrections.
The improvement of the scale dependence, however, is more pronounced at the Tevatron.
This can be understood by looking at the relative size of the different subprocesses that
contribute to the total cross section, i.e. ¢g, gg, and gg as shown in Figs. 3.7 and 3.8. As
expected, the gg initiated subprocess dominates at the LHC, while the ¢q initiated subpro-
cess dominates at Tevatron and they are both very well-behaved at NLO, since they both
start at LO and they only have a very mild scale dependence by the time NLO corrections
are added. The residual scale dependence is induced by the third subchannel, gg, which
enters only at NLO as a tree level contribution, and has therefore still a very strong scale
dependence. Its effect is more visible at the LHC where it plays a more important role due
to the PDF density. The overall impact of the NLO QCD corrections on the cross section
is conventionally represented as a K-factor, K = onp,o/0L0, where, in our case, oNpo and
01,0 have been calculated using the set up described in Sec. 3.1. At the LHC, the K-factor
varies from 0.9 to 1.8 in the m;/4 < u < 4my interval, and above p = 0.4m; the impact of
NLO QCD corrections is quite sizeable. At the Tevatron, the K-factor varies from 0.3 to 1.4
in the my/4 < p < 4my interval, and above p = 1.5my, the impact of NLO QCD corrections
is somewhat moderate. For completeness, we also present in Table 3.1, the numbers for
LO and NLO cross sections for ¢ty production at both the LHC and the Tevatron. The
uncertainty due to scale variation is obtained by evaluating the cross section at p = my/2
(1 = 2my) for the upper (lower) value. We observe that at the LHC the scale uncertainty of
the inclusive cross section is reduced from ~ 30% to ~ 10% when we go from LO to NLO,
while at the Tevatron, the reduction of scale uncertainty is even bigger. In this thesis we
only report the uncertainty of the theoretical prediction due to the scale variation, while
the other sources of theoretical error, i.e. PDF, «g, and several input parameters such as
m; and « are not included.

Finally, we present some interesting kinematic distributions for ¢ty production both at
LO and NLO. For a particular kinematic distribution, the K-factor is defined by,

_ donro /dULo

K(0) (3.3)

dO do’
where O is a kinematic variable of interest, and the K-factor is calculated on a bin-by-bin
basis. In Fig. 3.9, we show the photon and top-quark transverse-momentum distributions at
the LHC, together with their K-factor. We see that the differential distributions also show
an improved scale dependence from LO to NLO. The K-factor for the photon transverse-
momentum distribution is quite stable at K ~ 1.4 in the entire pp(7y) region, while for
the top-quark transverse-momentum distribution the K-factor decreases as pp(t) increases.
This demonstrates that simple rescaling of the LO differential distributions using a global
K-factor would not guarantee the correctness of the shape and normalization of the NLO
differential distributions. In Fig. 3.10, we show the photon and top-quark rapidity distribu-
tions at the LHC, together with their K-factor. Similar to the top-quark pr distribution,
the K-factors for the rapidity distribution, both for photon and top quark, are not uniform.
The K-factor for the top-quark rapidity distribution is ~ 1.3 in the central region (y(t) = 0)
and ~ 2.2 at |y(t)| = 3. For the photon rapidity distribution, the K-factor is ~ 1.3 in the
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Figure 3.5: Dependence of the pp — tty + X LO (red) and NLO (blue) cross
section on the renormalization/factorization scale at the LHC with /s = 8 TeV
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Figure 3.6: Dependence of the pp — tty + X LO (red) and NLO (blue) cross
section to the renormalization/factorization scale at the Tevatron with /s = 1.96
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Figure 3.7: Scale dependence of the separate contributions to the NLO total pp —
tty + X cross section at the LHC with /s = 8 TeV.
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Figure 3.8: Scale dependence of the separate contributions to the NLO total pp —
tty + X cross section at the Tevatron with /s = 1.96 TeV.
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Figure 3.9: Transverse-momentum distributions of the photon (left) and top quark
(right) for the pp — tty + X process at the LHC with /s = 8 TeV. The bands
correspond to the variation of the renormalization and factorization scales in the
interval my/2 < p < 2my. The lower plot shows the bin-by-bin K-factor for the

distribution, defined in Eq. 3.3.
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Figure 3.10: Rapidity distributions of the photon (left) and top quark (right) for
the pp — tty + X process at the LHC with /s = 8 TeV. The bands correspond to
the variation of the renormalization and factorization scales in the interval m;/2 <
w < 2my. The lower plot shows the bin-by-bin K-factor for the distribution,

defined in Eq. 3.3.
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Figure 3.11: Distributions of the top-quark to photon separation (left) and of the
invariant mass of the tty system for the pp — tty + X process at the LHC with
/s = 8 TeV. The bands correspond to the variation of the renormalization and
factorization scales in the interval m;/2 < p < 2my;. The lower plot shows the
bin-by-bin K-factor for the distribution, defined in Eq. 3.3.

central region (y(y) = 0) and ~ 1.6 at |y(vy)| = 3. We also show distributions for the
separation of top-quark and photon, R(t,~), and for the invariant mass of the tfvy system
m(tty) at the LHC in Fig. 3.11. The K-factor for the R(¢,~) distribution is constant up to
R(t,7) = 3.2, while beyond that it starts to increase. For the m(ttv) distribution, the plot
starts at m(tty) = 2my, which is the threshold for the ¢ty final state, and, although the
K-factor seems to be smaller in the low m(¢tv) region, it is quite stable in the intermediate
to high m(tty) region.

Switching the discussion to the kinematic distributions at the Tevatron, in Figs. 3.12 -
3.14 we show the transverse-momentum and rapidity distributions both for the top quark
and the photon, as well as the R(t,v) and m(tty) distributions. Similar to what we have
observed in the total cross section, the improvement of the scale uncertainty in the differ-
ential distributions including the effect of NLO QCD corrections is more pronounced at the
Tevatron than at the LHC. The enhancement due to NLO QCD corrections, however, is
much smaller at Tevatron in comparison with the LHC. While the NLO distributions are
always above the LO distributions at the LHC, they are always inside or below the LO dis-
tributions band at the Tevatron. The K-factor for the pr(t), pr(vy) and m(ttvy) distributions
decreases as pp(t), pr(y) or m(tty) increases respectively. The K-factor starts at ~ 1 and
drops to ~ 0.5 — 0.75 at the tail of the pp(t), pr(vy), or m(tty) distributions. The K-factor
of the y(v) and R(t,~) distributions on the other hand, seems to be stable throughout all
the y(v) and R(t,~) regions. One of the most interesting distribution in the Tevatron case,
perhaps, is the rapidity distribution of the top quark, shown in Fig. 3.13 (left), in which
the charge or forward-backward asymmetry of the top quark is observed. We can compute
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Figure 3.12: Transverse-momentum distributions of final state photon (left) and
top quark (right) for pp — tiy + X process at the Tevatron with /s = 1.96 TeV.
The bands correspond to the variation of the renormalization and factorization

scales in the interval m;/2 < p < 2my. The lower plot shows the bin-by-bin
K-factor for the distribution, defined in Eq. 3.3.
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Figure 3.13: Rapidity distributions of final state photon (left) and top quark (right)

for pp — tty + X process at the Tevatron with /s = 1.96 TeV. The bands cor-

respond to the variation of the renormalization and factorization scales in the

interval m;/2 < p < 2my. The lower plot shows the bin-by-bin K-factor for the
distribution, defined in Eq. 3.3.
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Figure 3.14: The distributions of top quark-photon separation (left) and invariant
mass of the tty system for pp — tty + X process at the Tevatron with /s = 1.96
TeV. The bands correspond to the variation of the renormalization and factoriza-
tion scales in the interval m;/2 < pu < 2m;. The lower plot shows the bin-by-bin
K-factor for the distribution, defined in Eq. 3.3.

the forward-backward asymmetry by defining [51, 46],

oly(t) > 0] —ofy(t) <]

A= o) > 0+ oly() <0

(3.4)

We found that, the top-quark forward-backward asymmetry calculated at LO and including
the NLO QCD corrections are

ALO = _1745+00%  ANLO — 19 go+32 p (3.5)

where the upper (lower) values are obtained by evaluating A; at u = m;/2 (p = 2my).
The K-factor for the top-quark rapidity distribution is also asymmetric, it increases in the
forward region (y(t) > 0) but it decreases in the backward region (y(t) < 0).
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CHAPTER 4

RESULTS FOR by PRODUCTION AT
HADRON COLLIDERS

In this Chapter we present the numerical results for the inclusive hard-photon production in
association with a bottom- and antibottom-quark pair at hadron colliders, pp(pp) — bby+X
including the full effect of NLO QCD corrections as described in Chapter 2. As discussed
in Sec. 2.7, in the case of bby production we can study two different final states: v +2b+ X,
where at least two b jets identified in the final state (2b-tag), or v 4+ b + X, where at least
one b jet identified in the final state (1b-tag). We will show the results for the total cross
section and differential distributions both at LO and NLO. For the 1b-tag case, we will
compare the results obtained from our 4FNS calculation with the results obtained from the
5FNS calculation at NLO in QCD. Finally, we will provide a qualitative comparison for
v+ b+ X between the theoretical prediction (taking into account NLO QCD corrections
on pp(pp) — bby) and the measurement by the CDF collaboration.

4.1 The Setup

The numerical results for bby production will be presented for proton-proton collisions
at the LHC with /s = 8 TeV center-of-mass energy and proton-antiproton collisions at the
Tevatron with /s = 1.96 TeV. The following SM parameters will be used in the numerical
evaluation,

Parameter Value
myp 4.62 GeV
my 173.2 GeV

« 1/137

where my;, my, and « are the top-quark mass, bottom-quark mass, and electromagnetic
coupling constant respectively. The bottom quark is treated as massive, with the number
of light quark entering any fermion loop set to njy = 4. This means that any fermion loop
that enters in the virtual correction consists of four light-quark, one bottom-quark and one
top-quark loop. The LO results use the CTEQ6L1 PDF set [99] and the one-loop evolution
of the strong coupling, a, with aC(Mz) = 0.13, while the NLO results use the CT10 PDF
set [68] and the two-loop evolution of ay, with aNVO(My) = 0.118. The renormalization
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Table 4.1: LO and NLO QCD Total cross sections for pp(pp) — bby-+X production
with at least two b jets tagged in the final state at the LHC (/s = 8 TeV) and
the Tevatron (y/s = 1.96 TeV), together with their K-factor. The uncertainties
are due to the dependence on the renormalization /factorization scale, obtained by
evaluating the cross section at p = pp(7y)/4 for the upper value and at u = 4pp(7)
for the lower value. The integration errors are well below 1%

Collider oLo [pb] | onLo [pb] | K-factor
+38% +27%
LHC at 8 TeV | 20.573% | 453727% | 1418

Tevatron at 1.96 TeV | 2.18715% | 3.24730% | 10 - 1.8

and factorization scales are set equal to one another, and the central scale is chosen to be
the dynamical scale given by,

pr = pr = po = pr(7Y), (4.1)

for both the 2b- and 1b-tag case. We have explored other possibilities and will comment on
our choice in Sec. 4.2. The selection cuts for the photon are: pr(vy) > 30 GeV and [n(y)| <
1 for the Tevatron and pp(y) > 25 GeV and |n(vy)| < 1.37 for the LHC, with the Frixione
isolation cone, Ry = 0.4. The jets (originated from the bottom and the light quarks) are
clustered with the anti-kp jet algorithm, with pseudo cone size R = 0.4, and are required
to pass the following selection cuts:

LHC: pr(b,7) > 25 GeV, |n(b,j)| < 2.1
Tevatron: pp(b,j) > 20 GeV, |n(b,j)| < 1.5.

Since we consider inclusive observables, we include events with both 0 and 1 identified
light-parton jet in our calculation. In contrast to the top quarks in ¢ty production, here
the bottom quarks have to be included in the hadronic energy contribution in the Frixione
isolation, following the prescription described in Sec. 2.5.

4.2 pp(pp) — bby + X: at least two b jets identified in the
final state

In this section we present results for bby production where at least two b jets are tagged
in the final state. We first assess the impact of NLO QCD corrections on the perturbative
stability of the total cross section, by showing in Fig. 4.1 the dependence on the renormal-
ization/factorization scale at the LHC and at the Tevatron. The residual scale dependence
still turns out to be strong at the LHC when NLO QCD corrections are included, while at
the Tevatron a very little improvement is observed. At the LHC the K-factor for the total
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cross section varies from 1.4 to 1.8 in the pup/4 < p < 4y interval, while at the Tevatron
the K-factor varies from 1 to 1.8 in the pp/4 < p < 4pg interval. To study where the strong
scale dependence comes from, we take a look into the scale dependence of the different
subprocesses that contribute to the total NLO cross section, as shown in Fig 4.2. At the
LHC, both at LO and NLO, the gg channel dominates over the ¢g channel, as opposed to
the Tevatron case, where the gg channel dominates over the gg channel. It is interesting to
see that both at the LHC and at the Tevatron, at NLO, the scale dependence of the ¢ and
gg channels are improved, as we can see from the plateau in the scale-dependence plot while
the residual scale dependence is due to the gqg channel that comes in at tree level in the
NLO corrections. We also try four different central-scale choices to see the stability of each
subprocess with respect to different dynamical scales. From the four plots that are shown
in Fig. 4.3, where we take the LHC at 8 TeV as an example, it is evident that the NLO cross
sections are shifted when a different central scale is chosen. By investigating the separate
contribution from each subprocess, we see that the shifting of the total NLO cross section
is driven by the qg channel and is therefore part of the theoretical uncertainty introduced
by this channel. On the other hand, both the ¢G and gg channels are relatively insensitive
to the different choice of central scale. In presenting our results for bby production we have
chosen the scale to be fixed by the photon transverse momentum. In Table. 4.1, we also
present the numbers for LO and NLO cross sections for both the LHC at 8 TeV and the
Tevatron at 1.96 TeV. The uncertainty due to scale variations is obtained by evaluating the
cross section at u = pp(vy)/4 (u = 4ppr(y)) for the upper (lower) value.

We now turn the discussion to the differential distributions for bby production where at
least two b jets identified in the final state. In Figs. 4.4 and 4.5 we show the photon and the
leading b-jet (tagged b jet with highest pp, further denoted by b;) transverse-momentum
distributions as well as the photon pseudorapidity and photon to leading b-jet separation
(R(y,b1)) distributions at the LHC. The impact of the NLO QCD corrections on the dif-
ferential distributions is sizeable. At the LHC, the K-factor for the photon-pr distribution
is ~ 1.7 in the low-pp region, and grows as pr increases. For the leading b-jet distribution,
the K-factor is ~ 2.3 at low pp(b1), drops a little bit in the intermediate pp(by) region, and
slightly increases in the higher p7(b;) region. For the photon pseudorapidity distribution,
the K-factor is quite large and the shape of the distribution also slightly changes at NLO,
becoming flatter due to less photon events that populate the perpendicular direction with
respect to the beam axis. In the R(y,b) distribution we observe an accidental pinching
of the scale variation band at R(v,b1) ~ 2.4. The K-factor is also not well-defined for
R(v,b1) < 1.7, where at LO there is no event. In Figs. 4.6 and 4.7 we show the photon
and leading b-jet transverse-momentum distributions as well as the photon pseudorapidity
and R(7v,b;) distributions at the Tevatron. The impact of the NLO QCD corrections on
the differential distributions are sizeable, similar to the LHC case. At the Tevatron, the
K-factor for both the pr(y) and pr(by) distributions decreases as pr grows. The photon
pseudorapidity and R(v,b;) distributions are similar in comparison to the LHC case, both
in terms of shape and K-factor.

The strong residual scale dependence at NLO is also manifest in the differential dis-
tributions at the LHC where in Fig. 4.4, both for pr(y) and pr(b1), the NLO bands are
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Figure 4.1: Dependence of the pp — bby + X (at least two b jets identified
in the final state) LO (red) and NLO (blue) cross section on the renormaliza-
tion/factorization scale at the LHC with /s = 8 TeV (left) and at the Tevatron
with /s = 1.96 TeV (right).
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Figure 4.2: Dependence of the pp — bby + X (at least two b jets identified in
the final state) LO (red) and NLO (blue) cross section, with the ¢g (dashed), gg
(dotted) and qg (dash-dotted) channels individually shown, on the renormaliza-
tion/factorization scale at the LHC with /s = 8 TeV (left) and at the Tevatron
with /s = 1.96 TeV (right).
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Figure 4.4: The upper plot shows the transverse-momentum distributions of the
photon (left) and the leading b jet (right) for pp — bby + X (at least 2 b jets
identified in the final state) at the LHC with /s = 8 TeV. The bands correspond to
the variation of the renormalization and factorization scales in the interval po/4 <
u < 4pg. The lower plot shows the bin-by-bin K-factor for the corresponding

distribution.
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Figure 4.5: The upper plot shows the pseudorapidity distribution of the photon
(left) and the separation between the leading b jet and the photon (right) for
pp — bby + X (at least two b jets identified in the final state) at the LHC with
/s = 8 TeV. The bands correspond to the variation of the renormalization and
factorization scales in the interval pg/4 < p < 4pg. The lower plot shows the
bin-by-bin K-factor for the corresponding distribution.
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identified in the final state) at the Tevatron with /s = 1.96 TeV. The bands
correspond to the variation of the renormalization and factorization scales in the
interval pg/4 < p < 4pg. The lower plot shows the bin-by-bin K-factor for the
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Figure 4.7: The upper plot shows the pseudorapidity distribution of final state
photon (left) and the separation between the leading b jet and the photon (right)
for pp — bby + X (at least two b jets identified in the final state) at the Tevatron
with /s = 1.96 TeV. The bands correspond to the variation of the renormalization
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bin-by-bin K-factor for the corresponding distribution.
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Figure 4.8: Individual contribution of the ¢ (red), gg (blue) and gg (black) chan-
nels to the transverse-momentum distributions of the photon (left) and the leading
b jet (right) for pp — bby + X (at least two b jets identified in the final state) at
the LHC with /s = 8 TeV, with p = pr (7).

T T T T T T T T
0t [ pp - bby+ X ] 10t b pp - bby+ X i
Tevatron at 1.96 TeV Tevatron at 1.96 TeV
...... UR = Mg = pT(y) by HR = Mg = pT(y)
102 {1 g
.......... E
103 ke i :H
...... 8
T = s 3 g
.......... - 5]
- - ©
10% f — NLOgg  ——""i E
10-6 m| ....... 10-5 1 1 1
50 100 150 200 250 300 50 100 150 200
pr(y) [GeV] pr(by) [GeV]

Figure 4.9: Individual contribution of the ¢g (red), gg (blue) and gg (black) chan-
nels to the transverse momentum distributions of the photon (left) and the leading
b jet (right) for pp — bby + X (at least two b jets identified in the final state) at
the Tevatron with /s = 1.96 TeV, with u = pp(y).
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Table 4.2: LO and NLO QCD total cross sections for pp(pp) — b(b)y + X with
at least one b jet tagged in the final state at the LHC (/s = 8 TeV) and at
the Tevatron (y/s = 1.96 TeV), together with their K-factor. The uncertainties
are due to the dependence on the renormalization /factorization scale, obtained by
evaluating the cross section at p = pp(7y)/4 for the upper value and at u = 4pp(7)
for the lower value. The integration errors are well below 1%

Collider oLo [pb] | onLo [pb] | K-factor
LHC at 8 TeV 30378% | 467720% | 14- 1.7

+45% +35%
Tevatron at 1.96 TeV | 14.47 7 | 26.975) | 1.5 - 2.2

as large as the LO bands, in the whole pp region. In contrast, at the Tevatron, the NLO
bands are as large as the LO bands at low pr and as pp increases the NLO bands shrink
noticeably. This can be understood by looking at the contribution of the different channels
to the NLO differential distribution as shown in Figs. 4.8 and 4.9. At the LHC, both for
pr(v) and pr(by), although the gg channel dominates, the contribution of the gg chan-
nel, which suffers from strong scale dependence, is quite large. On the other hand, at the
Tevatron, although in the low-pr region the gg and ¢qg channels dominate, starting from
the intermediate-pr region, the qq channel, which receives quite considerable improvement
in the scale dependence when the NLO QCD corrections are included, starts to dominate
while the contributions of the gg and qg channels drop rapidly.

4.3 pp(pp) — b(b)y + X: at least one b jet identified in the
final state

In this section we present the numerical results for bby production where at least one b
jet is tagged in the final state. This set of events include events with 2b jets (see Sec. 4.2)
as well as events with just 1b jet that can result from either a single b or b as well as from
recombination of b and b, or b, b and a light parton (quark/gluon) into a b jet that passes
the selection cuts.

The scale dependence of the total cross section both for the LHC and the Tevatron are
shown in Fig. 4.10. Similar to the 2b-tag case, the improvement of the scale dependence is
not significant when we go from LO to NLO. The K-factors are also sizeable in the 1b-tag
case, 1.4 to 1.7 for the LHC and 1.5 to 2.2 for the Tevatron, in the ug/4 < p < 4pp in-
terval. The strong scale dependence at NLO is also due to the gg channel, while the scale
dependence of the gq and gg channels are improved when the NLO QCD corrections are
included, as shown in Fig. 4.11. We notice that the leading subprocesses in the total cross
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Figure 4.10: Dependence of the pp — b(b)y + X (at least one b jet identified
in the final state) LO (red) and NLO (blue) cross section on the renormaliza-
tion/factorization scale at the LHC with /s = 8 TeV (left) and at the Tevatron
with /s = 1.96 TeV (right).
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Figure 4.11: Dependence of the pp — b(b)y + X (at least one b jet identified in
the final state) LO (red) and NLO (blue) cross section, with the ¢g (dashed), gg
(dotted), and gg (dash-dotted) channels individually shown, on the renormaliza-
tion/factorization scale at the LHC with /s = 8 TeV (left) and at the Tevatron
with /s = 1.96 TeV (right).
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section are now gg and qg at both at the Tevatron and at the LHC. However, as we will
see in Fig. 4.17, this is true at the level of distributions only for the LHC, while at the
Tevatron the ¢g subprocesses still dominates at medium and large pr(vy) and pp(b). This
will be important to understand the comparison between FFS/4FNS and VFS/5FNS that
we will discuss in Sec. 4.4.

In Figs. 4.12 and 4.13 we show the photon and the b-jet transverse-momentum distribu-
tion, the photon pseudorapidity and the photon to b-jet separation (R(7, b)) distributions at
the LHC. The impact of NLO QCD corrections to the differential distributions are quite sig-
nificant. Similar to the 2b-tag case, the K-factor for pp(v) and pp(b) grows as pp increases.
The R(7,b) distribution, however, does not exhibit the pinching that is present in the 2b-
tag case. In Figs. 4.14 and 4.15 we show the photon and the b-jet transverse-momentum
distribution, the photon pseudorapidity, and the photon to b-jet separation distributions at
the Tevatron. The K-factor for both the pr(v) and pr(b) decreases as we go from the low-
to high-pp region, similar to what we observed in the 2b-tag case. In Figs. 4.16 and 4.17,
the contribution of the ¢g, gg, and gg channels to the NLO distributions are shown, allow-
ing us to argue that the strong scale dependence in the py(7y) and pr(b) distributions at
the LHC are due to the gqg channel that contributes significantly, almost as much as the
gg channel. On the other hand, at the Tevatron the scale dependence in the distributions
shows quite an improvement as pr(7y) or pr(b) grows, due to the ¢g channel that dominates
in the intermediate- to high-pp regions.

4.4 Comparison between 5FNS and 4FNS calculations

In Sec. 2.7, we have discussed that the predictions for direct photon production in asso-
ciation with a bottom quark at hadron colliders, pp(pp) — v+ b+ X, can be obtained from
two different schemes. The first one is the 4FNS, where there is no initial state bottom quark
in the partonic subprocess and the mass of the bottom quark is retained in the calculation.
This is essentially the bby calculation with at least one b jet tagged in the final state, whose
results have been presented in the Sec. 4.3. The second scheme is the 5FNS, where the
bottom quark is treated as massless and can be present in the initial state. In this scheme,
the large logarithm that appears due to the phase-space integration of the unobserved b
quark in the 4FNS is resummed and absorbed into the bottom-quark PDF. The calculation
of pp(pp) — v + b+ X in the 5FNS has been reported in [57], where the fragmentation
component up to O(aa?) is included. In this Section, we would like to compare the results
for pp(pp) — v+ b+ X from the two schemes at NLO QCD accuracy.

Since in our 4FNS calculation we employ the Frixione prescription for the photon isola-
tion, we have to compare to 5FNS results that are obtained using the same photon isolation
prescription. Since the 5FNS calculation in [57] includes the photon fragmentation contri-
butions and uses a fixed cone isolation, we decided to reproduce results for the 5FNS with
the Frixione isolation prescription using MCFM. In Table 4.4, we list all the subprocesses that
contribute to the LO and NLO ~ + b process. The required LO, virtual, and real matrix
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Figure 4.12: The upper plot shows the transverse-momentum distributions of the
photon (left) and the b jet (right) for pp — b(b)y+X (at least one b jet identified in
the final state) at the LHC with y/s = 8 TeV. The bands correspond to the variation
of the renormalization and factorization scales in the interval po/4 < p < 4pg. The

lower plot shows the bin-by-bin K-factor for the corresponding distribution.
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Figure 4.13: The upper plot shows the pseudorapidity distribution of the photon
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Table 4.3: List of subprocesses that contribute to LO and NLO 5FNS calculation
of pp(pp) — vb + X process, with i = ¢, and Q = b, .

Part Subprocess

LO and NLO virtual | Qg — 7@
NLO real Qg — Qg

iQ = Qi
RQ —1QQ

qq — ybb

gg — ’be

elements have been implemented in MCFM for direct photon production at hadron colliders,
pp(pp) — v+jet+ X. Our task is to select the partonic channels that are listed in Table 4.4
from the pp(pp) — v+ jet + X process and to implement the correct b-jet selection criteria.

In Figs. 4.18 and 4.19, the comparison between the 4FNS and 5FNS calculations for the
photon and the b-jet transverse-momentum distributions at the LHC and at the Tevatron
are shown. Both at the LHC and at the Tevatron, the 4FNS calculation is compatible with
the 5FNS calculation. The behavior of the scale variation band is, however, different from
the LHC and the Tevatron. At the LHC the distributions from the 5FNS calculation have
smaller scale-uncertainty band compared to the 4FNS counterparts. As it has been discussed
in [57], at the LHC, the dominant contribution to the py(7y) distribution comes from the
Qg — vQ, gg — ~bb, and Qg — Qg channels, where the potentially large logarithms
have been resummed in the b-PDF resulting in the better scale-dependence behavior. On
the other hand, at the Tevatron, while the scale-variation bands from the 5FNS calculation
are smaller than the 4FNS calculation at low-pr, as pp increases, the 5FNS bands are
getting larger, while the 4FNS bands get slightly smaller. As we have seen in Fig. 4.20, the
q@ — bby channel dominates in the intermediate- to high-pr region, and since this piece of
the calculation enters in the 5FNS real correction as a tree level process, it still has a strong
scale dependence.

4.5 Impact of NLO QCD corrections on pp — bby process to

the v+ 0+ X theoretical prediction in comparison to the
Tevatron data

The calculation of bby production at NLO QCD accuracy allows us to improve the the-

oretical prediction of the pp(pp) — v+ b+ X process at hadron colliders. Such theoretical
prediction can be compared with the recent measurements of the v 4+ b + X process at the
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proach, at the Tevatron [57]
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Figure 4.21: The photon-pr distribution for v 4+ b + X at the Tevatron with
/s = 1.96 TeV. The numbers for the CDF data and the NLO 5FNS calculation
(red) [57] are taken from [56]. The bands correspond to the variation of the
renormalization and factorization scales in the interval po/2 < p < 2pg. The
left plot shows the CDF data and the prediction from NLO 5FNS calculation
compared with improved NLO 5FNS prediction (blue) that includes the NLO
QCD corrections only to the qg — b(b)y subprocess. The right plot shows the
CDF data and the prediction from NLO 5FNS calculation compared with the

prediction from the pure 4FNS calculation (blue).
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Tevatron by the CDF [56] and the DO [55] collaboration. However, the measurement of
the v+ b4 X process at the Tevatron employed the fixed-cone photon isolation as opposed
to the Frixione’s smooth-cone isolation. This prevents us, at this point, to make a direct
comparison with the Tevatron data, since in our calculation we have used the Frixione’s
smooth-cone isolation. The proper comparison can be realized by including the fragmenta-
tion contribution to bby production such that the fixed-cone photon isolation prescription
can be used in the theoretical prediction. Nevertheless, as pointed out in Sec. 2.5, the
photon isolation suppresses not only the ”secondary” photon production but also reduces
the fragmentation contribution substantially. In view of this, a qualitative understanding
on how the 4FNS calculation will affect the NLO prediction for the v 4+ b 4+ X process is
presented in this Section, and we expect that the final theoretical prediction (with the frag-
mentation component included and the fixed-cone isolation imposed) would be similar to
our current prediction, since the contribution of the fragmentation process is relatively small.

In Sec. 1.3, we have discussed that the latest measurement on the v+ b+ X final state at
the Tevatron by both the CDF and DO collaborations shows disagremeent between the NLO
5FNS prediction and the experimental data in the pr(y) > 70 GeV region (see Fig. 1.3).
In this thesis we only show the comparison with the CDF data, since we have used their
setup in obtaining numerical results for bby production in Secs. 4.2 and 4.3. The very
same comparison with the DO data can be made, and will be presented in the forthcoming
publication [61]. We obtain the approximate comparison between the NLO calculation and
the CDF data by using two different approaches:

e The NLO 5FNS calculation for pp — v+b+ X is improved by including the NLO QCD

corrections to the ¢qg — b(b)y subprocess in the whole pr(v) region. This approach
relies on the fact that, as shown in Fig. 4.20, the tree level qg — b(b)y subprocess,
that comes in as a real correction in the NLO 5FNS calculation, is dominant in the
pr(y) > 70 GeV region. In the left panel of Fig. 4.21, we show the comparison of the
improved NLO 5FNS calculation with the CDF data for the v+ b+ X process, where

we have included the NLO QCD corrections to the qg — b(b)y subprocess.

e The theoretical prediction is obtained from the pure NLO 4FNS calculation of the
pp — v+ b+ X process. As demonstrated in Sec. 4.4, our 4FNS calculation for the
v+ b+ X production at hadron colliders is compatible with the 5FNS calculation. In
the right panel of Fig. 4.21, we show the comparison of the pure NLO 4FNS calculation
with the CDF data for the v+ b+ X process at the Tevatron.

We see in Fig. 4.21 that the inclusion of the NLO QCD corrections to the pp — b(b)y
process via two approaches that are discussed above improve the agreement between NLO
5FNS calculation and the Tevatron data. Still, we need to take this comparison with some
caution since the 4FNS result that we add indeed uses a different isolation prescriptions for
the photon that the experimental measurement (i.e. Frixione’s vs fixed-cone isolation). In
addition, in the first approach, where the NLO 5FNS calculation is improved by including

the NLO QCD corrections to the ¢g — b(b)y subprocess, we need to properly add the

(99,q9) — b(b)y channel from the 4FNS calculation by including subtraction terms that
avoid the double counting of the logarithmic terms already resummed into the b-quark PDF.

73



A final comparison between the Tevatron data and the NLO prediction will be provided
once the fragmentation contributions in bby production are implemented.
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CHAPTER 5

CONCLUSIONS AND OUTLOOK

In this thesis we have presented the calculation of the heavy-quark associated production
with a hard photon at hadron colliders (pp(pp) — QQ~ + X) where we have considered the
top and the bottom quarks in the final state (Q = t,b), including NLO QCD corrections.
The calculation of the O(ay) virtual amplitudes is performed using the Feynman-diagram
approach while the singularities in the O(ay) real-correction amplitudes are isolated using
the phase-space slicing method with two cutoffs [85]. Cross checks are done both on the
virtual corrections, by using the NLOX package [16] to compute one-loop amplitudes, and
on the real corrections, using independent implementation of the PSS2 method as well as
interfacing with the SHERPA package [19, 20] that implements the Catani-Seymour dipole
subtraction method [21, 22]. The presence of the photon in the final state requires an
isolation procedure to suppress the ”secondary” photon production, and we have used the
Frixione smooth cone isolation prescription [92] to handle the quark-photon final state sin-
gularities that appear in our calculation.

We have found that NLO QCD corrections to ¢ty production both at the LHC with /s =
8 TeV and at the Tevatron with /s = 1.96 TeV improve the renormalization/factorization
scale dependence of the total cross section and the differential distributions. NLO QCD
corrections are sizeable at the LHC and moderate at the Tevatron. We noticed also the
presence of a top-quark forward-backward asymmetry at the Tevatron, and such asymmetry
is reduced from LO to NLO. For bby production, we consider the final states where at least
two b jets are identified (2b-tag) and at least one b is identified (1b-tag). For both the 2b-tag
and the 1b-tag case, at the LHC and at the Tevatron, the NLO QCD corrections are large
and there is no improvement in renormalization/factorization scale dependence from LO to
NLO. The ¢q and gg channels themselves are well-behaved when the NLO QCD corrections
are included. The strong residual scale dependence is due to the gg channel that enters the
NLO calculation at tree level. The results for bby production where at least one b jet is
identified in the final state can be obtained from both the 4FNS and the 5FNS approaches.
We found that our bby calculation, which uses the 4FNS approach, is compatible with the
5FNS calculation as implemented in MCFM [8]. We finally address the comparison between
the theoretical prediction and the measurement by the CDF collaboration of the v+ b+ X
process at the Tevatron [56]. The very same comparison, however, can be obtained also
for the DO measurement, which we will present in the forthcoming publication [61]. We
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only show the comparison for the CDF measurement in this thesis since we have used the
setup from the CDF measurement to present the numerical results for bby production at
the Tevatron. There are some discrepancies between the measured pr(7) distribution (both
from the CDF and DO collaborations) and the NLO 5FNS calculation [57] at pr(y) > 70
GeV. Our 4FNS calculation can not be compared directly to the experimental data due
to the different photon isolation prescription. However, we presented approximate compar-
isons of the theoretical prediction with the CDF data both by including the NLO QCD

corrections to the qg — b(b)y channel in the NLO 5FNS calculation and by taking the pure

NLO 4FNS calculation of the pp — b(b)y process, resulting in a better agreement between
the theoretical predictions and the data.

A final comparison with the v+b measurement can be obtained by including the photon-
fragmentation contributions to the 4FNS calculation which would allow to impose the fixed-
cone isolation prescription as used in the experiments. Such fragmentation contributions
are currently being implemented and a comparison between the data and the theoretical
prediction will be presented in the near future. Another possible extension of our tty and
bby calculation would be to study the effect of showering with both the MCENLO method [28]
by using the SHERPA interface, and the POWHEG method [29, 30] by using the POWHEG-BOX
framework [100]. In addition, it is also important to include the NLO QCD corrections to the
q9(qg) — bby + q(q) subprocess to obtain an improvement on its scale uncertainty. Strictly
speaking, this would be part of the NNLO QCD corrections to v + b hadroproduction,
but represents a self-contained and gauge-invariant subset of NNLO corrections and it is
therefore interesting to study its effect on the total and differential cross sections, at least
to the extent that it could dramatically reduce the uncertainy due to the scale dependence.
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APPENDIX A

THE STANDARD MODEL

The Standard Model is a quantum field theory based on the gauge groups SU(3) for color,
SU(2) for weak isospin, and U(1) for hypercharge, as dictated by the local gauge symmetry
invariance observed in the behavior of fundamental particles. The color quantum number
is associated with the dynamics of the strong interactions, which by itself is the subject
of Quantum Chromodynamics (QCD), while the weak isospin and hypercharge quantum
numbers are fundamental to the dynamics of electroweak interactions.

The SM Lagrangian can be written as
Lsy =Lym+ Ly + Ly + Lyuk (A1)

where Ly ) is the Yang-Mills Lagrangian, £y the fermion Lagrangian, Ly the Higgs La-
grangian and Ly contains the Yukawa interactions of the theory. Lyps describes the
dynamics of the pure gauge fields (kinetic terms + self-interactions) and includes the fol-
lowing terms

Lyym = Locp+ L, +Ly

8 3
1 1 1
= D GLGMY = Y L FYY — 1B, B, (A.2)
A=1 a=1

The color field strength tensor is given by
Gh, = A — 0,AL + u fAPCABAT . A BC=1,....8, (A.3)

with AE the eight color gauge fields (so called gluons), g; the dimensionless strong coupling
constant, and fABC the structure constants of SU (3). Analogously, the weak isospin, F s
and hypercharge, B,,,, field strength tensors are given by
Fl, = 0W) —0,Wi+ gae™WiW,) ., a,bc=1,2,3, (A.4)
B, = 0,B,—-0,B,, (A.5)

where Wi and By, are the 4 electroweak gauge bosons (a linear combination of which will be-
come the weak W/jc and ZS weak gauge bosons plus the photon A4,,), g2 is the dimensionless
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weak isospin coupling constant and €®*¢ are the structure constants of SU(2). Throughout

the body of this thesis we have denoted the strong coupling g1 as gs, and the weak isospin
coupling gs as gy. We also use the conventional definition oy = g2/(47).

The second part of the SM Lagrangian in Eq. A.1, L, describes the fermion fields and
their interactions with the gauge bosons. The fermion fields are classified as quarks, which
are triplets under the color gauge group, and leptons, which have no color. Taking into
account the fact that the W boson couples only to left-handed helicity states of quarks
and leptons, this part of the Lagrangian is built such that right-handed and left-handed
components of the fermion fields couple independently to the gauge bosons. Using the no-
tation (SU(2),SU(3))y, to denote weak isospin, color, and hypercharge quantum numbers
assignments of the fermion fields, we can write that a quark weak doublet, Q; = ((‘1‘) 18
a (2,3),,, an up-type quark weak singlet, ug, is a (1,3),,, and a down-type quark weak
singlet, dg, is a (1,3)y,. On the other side, a weak doublet of leptons, L; = (';)L, is a
(2,1),, and a lepton weak singlet, eg, is a (1,1),;. The hypercharge quantum number, y;,
is given by the following relation,

yi = Qi — T5i, (A.6)

where Q); is the electric charge and T3; is the third component of weak isospin of the field ¢
respectively. The fermion Lagrangian L, then can be written as

Ly = Qo*D,QL +ure"Dyug +dro*D,dg
+Lpo"D,Ly, +ero*Dyer + -+, (A7)
where the dots stand for similar terms for the remaining quarks and leptons. In Eq. A.7

ot are the Pauli matrices (¢” = 1), and D,, are the covariant derivatives corresponding to
each field,

DQr = (Dt g AN+ et Wi g5 B)Qu

Dyugp = (0, + glgAﬁ)\A + 93%y2Bu)uR ;

Dydr = (0u+ glgAf}AA + 93%y3Bu)dR ;

D,Ly = (0u+ QQ%WSTQ + 93%y4Bu)LL :

Duyer = (Ou+ 93%1/5]5“)6}2 ; (A.8)

where g3 is the dimensionless hypercharge coupling constant, and 7% and A* are the Pauli
and Gell-Mann matrices for SU(2) and SU(3) respectively.

Notice that a mass term for the fermion fields and for the vector boson fields (as needed
for the weak vector bosons W/jc and Zg) is not allowed by gauge invariance. The last two
terms in the Standard Model Lagrangian shown in Eq. A.1 are introduced to remedy this
problem. Indeed, the simplest way to preserve the gauge symmetry of the SM while gener-
ating massive electroweak gauge bosons is the so called Higgs mechanism, which we explain
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in the following. A separate step needs to be taken to introduce massive fermions, and we
will discuss this afterward.

The Higgs mechanism, in its simplest version [101, 102, 103, 104], starts by adding to
the model another complex scalar field, called the Higgs field H, which transforms as a
weak isospin doublet, a color singlet and it has hypercharge yp:

H= (Z;) ~ (2,19, . (A.9)

Its dynamics are dictated by the Lz term in Eq. A.1, which can be written as
Ly = (D, H) (D'H) - V(H) . (A.10)

where D, H = (0, + QQ%WﬁT“ + g35ypB,)H is the covariant derivative of H and V(H) is
the most general renormalizable potential invariant under SU(2) x U(1),

V(H)=p*H H + N(H H)? | (A.11)

with p? and A real arbitrary parameters. \ is a dimensionless parameter.

If 12 < 0 the field configurations that minimizes the potential V (H) have to satisfy:
02

H! H v (A.12)
vac-rvac 2)\ — D) . .

So, once p? < 0 the Higgs field develops a vacuum expectation value (VEV), which is
degenerate over the sphere defined in the last equation. Picking one configuration breaks
this degeneracy, causing the vacuum of the theory not to be SU(2) x U(1) symmetric
anymore. To illustrate the consequences, let us choose:

(H) = % <(1)> . (A.13)

Indeed one can verify that this choice breaks the original gauge symmetry:
SU(Q) X U(l) — U(l)EM s (A.14)

where U(1)gas is the electromagnetic U(1) symmetry.

When L is expanded in the vicinity of the chosen minimum, by shifting the Higgs field

as follows
H_L< 0 ) (A.15)
S V2\w+h)’ )

Ly becomes the Lagrangian of a real scalar field with mass mj, = 202\, the physical Higgs
boson. Moreover, a mass term for the gauge bosons is generated by the first term in
Eq. A.10, coming from

1 1 270
5(0,2}) <§QQWMT +§ggBu> <v> . (A.16)
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The corresponding mass eigenstates , i.e. the physical gauge fields, are obtained by diago-
nalizing the mass matrix of the vector fields Wy and B),. The EW gauge bosons W/jc and
ZS, as well as the photon A, are expressed as:
W:I: o L(Wl W2)
A FiWr) s

—93B, + 92W5’

Vs +93

B, + gsW3
A, = PP H (A.17)

V93 + 93

with the associated masses:

1
My = —g3v*,
1
1
Mz = (g +a*
My = 0. (A.18)

These simple relations are found to agree with experiment (My = 80.4 GeV, My =
91.2 GeV) with v =~ 174y/2 GeV. This is, of course, approximate as they are results
based on the classical, or leading order approximation of the theory.

Finally let us focus on the last part of the SM Lagrangian presented in Eq. A.1. This
term, Lyu, couples massive fermion fields to the Higgs field via Yukawa type interaction.
For example, the gauge invariant Yukawa coupling of the Higgs boson to the down quark,
d, is

—)\dQLHdR + h.c.

where Q; = (W,d); and )4 is the Yukawa coupling for the down quark. After the shift of
Eq. A.15 this term gives the effective coupling

S
V2

which gives a mass term to the down quark with

— 0
— d .C. Al
Ad QL<U+h> Rr+hec., (A.19)

Agv
mq = % )

and defines the coupling between the down quark and the physical Higgs particle to be
-/ v/2. Similar terms are added for each massive fermion field. Then Ly will contain
9 arbitrary parameters, the Yukawa couplings, standing for 6 quark masses and 3 lepton
masses.

(A.20)

The Feynman rules for SM can be constructed from the Lagrangian in Eq. A.1, and the
ones that are used in our calculation are shown in Fig A.1 for the interaction vertices, and
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in Fig A.2 for the propagators. The three- and four-gluon vertex functions in Fig. A.1 are
given by,

‘/Zi;uup(kypy Q) = guu(k - p)p + gup(p - Q),u + gpu(q - k)lh (A'Zl)
Vlgiﬁdpa = fabe fcde( GupGvo — Guo gyp) 4 face fbde( G po — Yo gyp)
+facefbde(guugpa - gupgua)' (A.22)
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Figure A.1: SM Feynman rules for interaction vertices that are used in the calcu-
lation of QQ~ production.
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Figure A.2: SM Feynman rules for the propagators that are used in the calculation
of QQ~ production.
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APPENDIX B

LEADING ORDER AMPLITUDES

In this Appendix we present the expicit expressions for the LO amplitudes for QQ~ pro-
duction at hadron colliders. The Feynman diagrams for the LO process are shown in
Figs. 2.2 and 2.3. The structure of the LO amplitudes both for the ¢g and the gg subpro-
cesses is briefly discussed in Sec. 2.2. The LO amplitudes evaluated using the standard Dirac
spinor technique are presented in Sec. B.1, while the ones obtained using the spinor-helicity
formalism are presented in Sec. B.2.

B.1 LO amplitudes using Dirac spinor technique

Given the momenta assignment in Eq. 2.10, the individual tree-level contributions to
the q¢ — Q@ amplitude in Eq. 2.13, are given by,

2
q .eng — —
Alfq = Zﬁs;j [’Uz’yuul] [U3¢5(}Z3 + Y5+ mQ)’Y;ﬂML (B.1)
) 2
AL = 990 1 i) Ty (—pis — s+ @)l (B-2)
512845
0 020 (527" (1 — s )] [0 (B.3)
’ (s34 +2m7)s15 2V = Pejgatal [t vl .
A% — 7@2@‘1 (D25 (—p2 + P5)v" ] [Usy,v4) (B.4)
* (834 + 2m?)sas5 25\ Tpa T Pe )Y ] (), .

where e and g5 are the EM and strong coupling constants, respectively, and Q¢ (Q,) is the
electric charge of the heavy (light) quark in units of |e|. The amplitudes in Egs. B.1 - B.4
have been labelled after the Feynman diagrams in Fig. 2.2. Similarly, the individual tree-
level contributions to the gg — QQv amplitude in Eq. 2.16, with momenta assignment as
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in Eq. 2.11, are given by,

2
AV = z‘% [@sy (s + ps + mo)vva| Vi (p1, —p1 — D2, p2)e1ueacly,  (B.5)
2
A3 = iiiﬁf (57, (=1 = p5 + m@)y va] V4™ (p1, —p1 — p2, p2)erueanesy, (B.6)
2
Ay = Z’ZZZZT (i3 (s + s + mQ)A (pa — pa + mo)fava] (B.7)
g 93QqQ .
AY = i B Pt ps + mo)fE(pr — pa+ mo)fava, (B.8)
2
€95Qq .
AT = 345313 [as#1(—pr + ps + mq)fa(—pa — Ps + mq)#5v4], (B.9)
A = AL (p & po), (B.10)
A = AP (py > po), (B.11)
A = AP (p > po), (B.12)

where Vg“ P is the triple gluon vertex given in Eq. A.21, and the amplitudes in Eqs B.5 -
B.12 have been labelled after the Feynman diagrams in Fig 2.3. Using the standard trace
technology and the sums of external polarization vectors for photon and gluons given in
Eqgs. 2.19 and 2.20, one can easily calculate the tree-level matrix element squared, SI.AOP,
taking into account the color factors, according to Eqgs. 2.17 and 2.18. The resulting §|./\/l|2
is expressed in terms of scalar product of 4-vectors, p; - pj, masses of external particles, and
some constants.

B.2 LO amplitudes using spinor-helicity formalism

The spinor-helicity formalism [105, 106] has been widely used in the calculation of scat-
tering amplitudes for massless particles, and considered as one of the most efficient ap-
proaches since it provides compact expressions. Several extensions of the spinor-helicity
formalism for massive particles has been constructed (see, for example [107, 108]), and a
few recent calculations have implemented them [109, 110, 111]. In this Appendix, we will
briefly discuss the spinor-helicity formalism both for massless and massive particles, and
show explicit expressions for the LO ¢g — QQ@Q~ amplitudes. Detailed review on spinor
helicity formalism can be found in [112, 113, 11].

In this Appendix we will use the following notation for massless spinors (of momentum
pi)7

i) = |i+) =us(pi) = v_(ps),

i = i) =u_(p;) = vi(ps),

(i = (i—]=1u-(p)=04+(ps),

[i = (i+]=1u4(pi) =0-(ps), (B.13)
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where

up(pi) = Pru(pi), (B.14)
u-(pi) = Pru(p). (B.15)

u(p;) is the solution of massless Dirac equation, pu(p;) = 0. Pr and P are right- and
left-handed projection operators given by

1 1-—

Pp = % and P = T% (B.16)

The only non-zero massless spinor products are then defined as follows,
(ij) = u—(pi)us(p;), (B.17)
[ij] = 4 (pi)u-(pj), (B.18)

while we use the following notation for spinor strings,

(ilm---nlj] = a_(pi) Pm - Pn u—(pj) (odd # of p), (B.19)
(ilm---nlj) = u_(pi) Pm - Pn us(pj) (even # of p), (B.20)
ilm--nlj] = @ (pi) Pon- P u—(pj)  (oven # of p). (B.21)

Massless spinor products are related to the corresponding 4-vector product by
(i)ji] = 2pi-pj, (B.22)

and satisfy the following relations, useful in simplifying the expression of the amplitude,

I’ | )Gl + 10l

(il |71 (I] = 2(ik) (1] (Fierz identity),

(ig)(kly + (ik)(lj) + (il)(jk) =0 (Schouten identity).

The polarization vectors for massless external vector bosons can be expressed in terms of
spinor string as follows,

e (k,q) = 7%2@ (B.27)
e’ (k,q) = lah"Ik) (B.28)

V2[qk]

where ¢ is an arbitrary massless reference vector.

For massive particle, we can decompose a massive momentum into two massless mo-
menta by

2
m;
2p -1

7
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where p? is a massless vector while 7 is an arbitrary massless reference vector. A massive
spinor can then be constructed from the corresponding massless spinor as follows

i (pismisp},m) = [ib+<:;.§><n :
i (pimisplm) = <z‘b+[;’§;][n ,
vi(pi,miplyn) = ib]—%n> :
v-(prmapln) = )=l (B.30)

In this approach we add spin/helicity label to the spinors and polarization vectors, i.e.

u(pi) = us;(pi)  and  g,(pi) =€), (pi),
and we specify a given spin amplitude as follows

AT = AGTOG 25,35, 45.55), (B:31)

where 17! denotes a particle ¢ with a momentum p; and a spin state s, and similarly for
the other external particles.

There are 16 spin configurations that need to be calculated in the ¢ — QQ~y subprocess.
However, half of them, which are the flipped helicity combinations, can be obtained via

AT 7,27, 35%,45°,5%) = | ABT(151, 232, 3%, 4%, 55°) o] (B.32)
1)< |17

which is a manifestation of a complex conjugation operation. In addition, using the following
relations,

[i"n] b _ b

—U—(pijmi;U,Pi) = U+(Pi,mi;pia77),

m;

(i’n)

- v (piymisn.p}) = vi(pi,misp]in), (B.33)
(A

one can get the amplitudes with different spin labels for massive spinor by exchanging p'l?
and 7. This leaves us with only two independent spin configurations to be computed. In
our case, we will take the independent spin configurations to be (+—+++) and (+—++—).

Taking the individual contributions of the LO ¢§ — QQ~y amplitude in Eqs. B.1 - B.4,

projecting out the external spinors and polarization vectors into individual spin/polarization
states and using the notation and relations that have been previously introduced, we can
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write the (+ — + + +) amplitude for the LO qg — QQ~ process as,

2fegs m
(g5)
b
x{ ﬁ%;[ B%Kﬂnmw+5€%%l<m+5m
mg (n3q)[52] (1) ]
(133°) (n44°)

AY (1 ,27,35,45.57) =

(n3q)[24°]

(n33%)
b o _ [3°20(ama)
R
2
<”j’;>?£ ; (mUIBET g mczf}”ﬁiifﬁmq
3 3 4
C Qylgl1]5) [<n41>[23b] (?731>[24b]}
(s34 +2md)s15 [ (1a4”) (n33°)
L Qqg(25) [ (nal)
(s34 4 2m)s25 [ (nad®)

+ (1]3]5] +

Qo

512545

+ (1]4/5]

(n31)

B b
(ol — 24503 + 1

(ﬂ—2+aﬂﬂ},(BM)

and the (+ — + + —) amplitude as,

2\/_egsm
5]
Q [ o o [Pl
o{ 52| papnee+ ST e
(ns5)[24°] mé<n35>[q2](1n4>}
<
)

ABT(1F 27 130, 45,5;)

_l’_

(n33°) I3+ 5la] + 1733°) (nad’)

v [ sy - 20
$12545 (ma4?)
mQ<7731>[2Q]<5774>}
(n33°) (n33”) (na4”)
_ Qq(51) (23") B (24)
(s34 + 2m3))s15 [<7744b> malt = Sla] + (n33°)

Qq(5]2/d] [<7741>[23"] N (7731>[24b]}}
(s34 +2mQ)sos | (a4’ (n3%) .

The amplitudes in Eqgs. B.34 and B.35, which are expressed in terms of spinor products,
masses of external particles, and some constants, can be evaluated numerically as com-
plex numbers. The LO matrix element squared is simply a multiplication of two complex
numbers, which makes the computation less expensive numerically. The expression for LO
99 — QQ~ spin amplitudes can also be obtained using the very same technique. A package
S@M [114], that implements spinor helicity formalism in Mathematica, is a useful tool in
performing spinor manipulation as well as numerical evaluation of spinor products.

(14 + 51q]

o <7731>[q4b] <5|4|2] +

(3|1 — 5|<1]]

(B.35)
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APPENDIX C

REDUCTION OF TENSOR INTEGRALS

In evaluating one-loop amplitudes, which are part of any Next-to-Leading Order calcula-
tion, we need to compute one-loop integrals, that consist of tensor and scalar integrals
as discussed in Sec. 2.3. In this Appendix, we will explicitly demonstrate an example of
tensor-integral reduction using the Passarino-Veltman (PV) method [75].

The form of the one-loop integral associated to the diagram shown in Fig. 2.4 is given by
Eq. 2.23. As discussed in Sec. 2.3, the one-loop tensor integrals are first decomposed into a
linear combination of tensor-integral coefficients multiplied by all possible tensor structures
built of products of external momenta and the metric tensor. In our discussion, the argu-
ments of the tensor-integral coefficients will be suppressed for simplicity. By construction,
the index of the tensor-integral coefficients are symmetric under all possible permutations.
As a convention we always use the one with i < 7 < k < --- for the tensor-integral coeffi-
cient in the Lorentz decomposition. For example, C719 is used for one of the rank-3 3-point
tensor coefficients instead of Cha1 or Cq1.

The tensor integrals appearing in the NLO calculation of pp(pp) — Q@ and their tensor
decomposition is given in the following. The decomposition of 2-point tensor integrals up
to rank 2 is given by,

B,(p1;mo,m1) = p1,.Bu, (C.1)
By (p1;mo,m1) = guBoo + p1up1vBii. (C.2)
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Similarly, 3-point tensor integrals up to rank 3 can be decomposed as follows

2
Cyulpr, p2imo,mi,mg) = Y pipCi, (C.3)
i1
2
Cow(p1,p2;mo, mi,m2) = guCoo + Z PiuPvCij, (C.4)
ij=1

(9uvpip + GupPiv + Guppin) Cooi
1

C;wp(plyp% mo,my, m2) =

2
1=

2
+ ) piupivProCijns (C.5)
ivjvk:]-
and 4-point tensor integrals up to rank 4 as:
3
D, (p1,p2,p3;mo, mi,ma, mg) = prDi, (C.6)
i=1
3
Dy (p1,p2, p3;mo, ma, ma,m3) = guDoo + Z PippjvDij, (C.7)
ij=1
3
D ,wp(p1,p2, p3:mo, m1, ma,mg) = (9uwPip + GuoPiv + Gvppip) Dooi
i=1
3
+ Z pi,upjupkaijka (CS)
ivjvk:]-
Dywpo (p1,p2, 33m0, m1,m2,m3) = (GuwIpe + GupGve + GupFue) Doooo

3
+ Z (g/wpippja + GupPivPjo + GuoPivPjp

ij=1
+GupPipPjo + GuoPipPip + GpoPinPiv) Dooij
3
+ Z PipPjuPkpPlo Dijiki- (C.9)
i7j7k7l:1
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Finally, 5-point tensor integrals up to rank 4 can be decomposed as:

4
Eu(p1,p2, b3, pasmo, m1, ma, ma,ma) = > pipk, (C.10)
=1

4
By (p1,p2. ps, paimo, ma, ma, ms,ma) = > pippinki, (C.11)
ij=1
4
E,up(P1, D2, D3, Pa; Mo, M1, M2, M3, my) = Z PipljvPkpEijk, (C.12)
ivjvk:]-
4
Epo (p1, P2, P3, P4 Mo, M1, M, m3, my) = Z PipljvPkpPicEijri. (C.13)
ijikl=1
As an example, we discuss in this appendix the reduction of €}, ,a rank-2 3-point func-
tion, using the PV method. Writing explicitly the decomposition of C),, in Eq. C.4,

Cw = 9uwCoo + P1up1,C11 + p2up2,Co2 + (P1up2y + P2,p10)Cir2, (C.14)

and saturating Eq. C.14 with the external momenta p; and ps, we obtain the following
system of equations

P{C = p1,Co0 + p1,piC11 + P2up1 - P2C22 + (P01 P2 + P2up?)Cha,
P5Cuw = p2,Co0 + prup1 - 2011 + p2,up3Cos + (D105 + P21 - p2)Cha.
(C.15)
On the other hand, according to Eq. 2.23,
2 d
Co = i [ e, (©16)
with
Dy = k*— m%,
Dy = (k+p)*—mi,
Dy = (k+p1+p2)?—mi. (C.17)

Saturating Eq. C.16 with the external momenta p; and ps, we can obtain a system of
equations to be compared with Eq. C.15. Starting from,

5 1672 o [ d% kup -k
P C;w = i N N
7 (271') DOD1D2
1672 o, / d kups -k
i (2m)4 Do D1 Do’
we can then rewrite the dot product between external momenta and the loop momentum,
p;i - k, in terms of the denominator factors D; using Eq. C.17, i.e.

P2Cu (C.18)

1 .
pl’k=§[D1—D0+f1]7 with  fi =mi —m§ — p (C.19)

1 .
P2 - k= 5 [Dg — D1 + fg], with f2 = m% - m% —p% — P1 - P2. (0.20)
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Substituting pq 2 -k from Eqs. C.19 and C.20 in Eq. C.18, simplifying factors of D;, defining
the resulting tensor integrals using Eqgs. 2.23 and 2.26, and decomposing them into tensor-
integral coefficients, we obtain,

1
PCu = 5[(191 + p2)uB1(p1 + p2; mo, ma) — p2,Bi(p2;mi, ma)

+p1,Bo(p2; mi, ma) + fip1,C1 + fip2.Co|,

1

p5CL, = 3 [pluBl(pU mo, m1) — (p1 + p2)uB1(p1 + p2; Mo, Mm2)

+f2p1,C1 + f2p2u02]- (C.21)

Note that when we cancel Dg in the reduction process, the integration over the loop mo-
mentum has to be shifted in order to match the definition of the one-loop integral in Eq. 2.23.

Equating the RHS of Eq. C.15 and C.21 we obtain a matrix equation of the form

2 .
G %) (G 6= G 22) o
where
T = % [B1(p1 + p2; mo, ma) + Bo(pz; m1,ma) + f1C1] — Coo, (C.23)
T = % [Bl(pl + p2; mo, m2) — Bi1(pa;ma, ma) + flC?]v (C.24)
Toy = %[Bl(pﬁ mo, m1) — Bi(p1 + p2;mo, m2) + f2C1], (C.25)
Iy = % [ = Bi(p1 + p2;mo, m2) + f2Cs] — Coo. (C.26)

Solving Eq. C.22 for the Ci1, C12 and Cyo coefficients, we find
-1
Cii Ci2\ P p1ope VATRRN AT C
- 2 ’ ’ ( 27)
Crz Ca p1 P2 D5 Ior oo
1 s -1 'p2> (In Im)

— : , C.28
As (-pl " P2 p} Ior 1o ( )
where Aj is nothing else but the Gram determinant that is defined in Eq. 2.27 for 3-point
function (N = 3). The solutions for C11, Ca2, and C1o are now expressed in terms of lower
point tensor-integral coefficients as well as lower-rank three-point tensor-integral coefficients

and Cpyg. To calculate the Cyy coefficient we saturate Eqgs. C.14 and C.16 with the metric
tensor g, to get,

(4 — 26)0()0 +p%C11 —l—p%ng + 2p1 . p2C12 = Bo(pg; my, mg) + m%Co (029)
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By substituting C11, Ci2, Coe and solving for Cyy, we obtain,

1
Cop = 4(1 — 6) |:2m%00 — f1C1 — foCy + Bo(pg;ml,TTLQ)], (0.30)
1
= Z |:2m%00 — f1C1 — foCy + Bo(pg; mi, TTLQ) + 1:| . (C.31)

In Eq. C.28, we see that the one-stage reduction of rank-2 3-point tensor integrals intro-
duces an inverse power of the GD. Using the reduction procedure that is outlined above,
one can also derive the reduction of rank-1 3-point tensor integral, where in the reduc-
tion of the tensor-integral coefficients C7 and Cy to the scalar integrals Cy and By, an-
other inverse power of the GD is introduced. Thus, the two-stage reduction process, i.e
Cij — C; — {Co, By}, will introduce two powers of the inverse GD.

In Eq. C.30, the O(e) terms have to be kept since By is UV-divergent. Expanding in e,
a rational term is picked up when the O(e) term multiplies the UV-divergent integral. In
addition to the rational terms that are introduced in the reduction of the tensor integrals,
there are also rational terms originated from the one-loop amplitude, i.e. when O(e) terms in
the numerator of the one-loop amplitude multiply the UV-divergent integrals. The rational
terms that are picked up when e multiplies a UV-divergent coefficient can be obtained from
the following table,

eAo(mg) = mi, (C.32)

€Bo(p1,mo,m1) = 1, (C.33)

eBi(p1,mo,m1) = —%7 (C.34)

eBoo(p1,mo,m1) = 1—12 ( % — 3mg — 3m%) , (C.35)
€Bi1(p1,mo,m1) = é, (C.36)
€Coo(p1, p2, Mo, M1, M2) = iv (C.37)
€Coo1(p1, p2, Mo, M1, m2) = —%7 (C.38)
€Cooz2(p1, p2, Mo, M1, M2) = —%7 (C.39)

€Doooo (P1, P2, P3, Mo, M1, Mo, m3) = % (C.40)
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APPENDIX D

O(a,) REAL CORRECTIONS TO pp(pp) — QQ~
PROCESS: SOFT AND COLLINEAR MATRIX
ELEMENTS

The calculation of the O(ay) real corrections to Q@ production at hadron colliders, de-
scribed in Sec. 2.4, require real-correction matrix elements in both the soft and the collinear
limits, which will be explicitly shown in this Appendix. As an example, the computation of
real-correction matrix element for the ¢g initiated subprocess (as an example), in the soft
and collinear limits, are presented in Secs. D.1 and D.2, respectively.

D.1 Matrix element in the soft limit

The soft singularities in the O (o) real corrections to pp(pp) — QQ process arise when
the energy of the emitted gluon vanishes, i.e. F, = K — 0. The divergent Feynman
diagrams in the soft gluon limit for the qg — QQv + g subprocess are shown in Fig. D.1,
and the corresponding amplitudes are denoted by MI% . Writing the amplitude for one of
the diagram in Fig. D.1 (i.e. M??szﬁ),

soft*

% - eg2Q _
MGy = inf ;2Q (9t )izistiys, V2pwa
« P3Pty }”3+}”5+pk+mt

“Tos ¥ B =2 (g ¥ ps R —mZ ) b (B

U

Taking the soft gluon limit, & — 0, and using g;p3 = 2ps3 - €}, — pPag}, together with the Dirac
equation for the top quark, u3(p3 + m;) = 0, we obtain,

3
7 . c€g5Q p3 -
Mo = ZME%;HQ (t7)igiats s, —k (D2 u] [Usgs (Ps + Ps + my)yH v,
p3-€
— (tastC)Zsmtml Js b <p3 k’j) .A , (D.2)
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Figure D.1: Divergent Feynman diagrams in the soft limit, for the q7 — QQ~

subprocess. The green-circled crosses correspond to all possible external gluon leg
insertions.

with A% is defined in Eq. 2.12. Similarly for AdTbed

1,s0ft >
7:b P4 - €y, 7
M[{?soft = (tct%)isiz;tz%h 98/;< ) ]M—]j> A({q, (D-3)
MITe = e eeey, g - PR g D.4
1,s0ft i3i4( )1221 gslb D1 - A 1 ( . )
Mqlﬁd — 4 (4964C). ef P2~ ‘SZ Aqq D.5
1,s0ft i3i4( )2221 gs Do - L 1 - ( . )

Summing all contributions of the divergent diagrams in the ¢§ — QQ~ subprocess in the
soft gluon limit, we get,

4
qq _ qq;a qq;b qq;c qq;d
MO,soft - Z (Mi,soft + Mi,soft + M + M >

1,80ft 1,80ft
=1
= gsput AY
P3 - &y, P4 €}
X{(tafitc)igi4t§2il ( p3 - k > + (tctaﬁ)i3i4t§2il < — m—k
p1-E) p2 - €
+tz¢3i4 (tctflfi)izh < - D1 - L > + tlggizl (ta(itc)izil ( D2 - k . (D6)

The above equation is the explicit form of the soft amplitude that is given in Eq. 2.67 for
the q¢ — QQ + g channel, where the terms inside the curly bracket are the eikonal factor.
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Figure D.2: Schematic diagram involving a final state gluon radiated from initial
quark line in the qg — QQ~ + g subprocess.

Squaring the soft amplitudes and summing over the spins and colors,

M2 2 2 N? -1 972
Z| 0,soft| =9gsk 4 Z| 0|

x{ﬂ[— my o mg p1-P3 P2 P4 }
2 (p3-k)?  (pa-k)®> p1-kps-k  p2-kps-k
2 2
1 me me D1 - P2 D3 * P4
T + = - D.7
QN[(Z)?,’k)Q (pa-k)? pi1-kpa-k  p3-kps-k (D7)
2p1 - pa 2p2-p3s  2p1-p3s 2p2-pa ]}
p1-kps-k  pa-kps -k pr-kps-k  po-kpa-k])’
where we have used Kig¥ 4 k¥ gk
St = g LT (D.8)

k-q
for the external gluon polarization sum, with only the g"” term gives nonzero result in
the case of gluon emitted from the quark line. qu is the color-stripped LO ¢ — QQ~
amplitude, given in Eq. 2.13. Again, Eq. D.7 is the explicit form of the soft amplitude
squared given in Eq. 2.68.

D.2 Matrix element in the collinear limit

The O(ay) real corrections to pp(pp) — QQ~y process suffer from collinear singularities
when two massless partons become collinear, i.e. cosf;; — 1, and the propagator denomi-
nator in the amplitude vanishes, 2k; - k; = E;Ej(1 — cosf;;) — 0. In this Section, we will
show the calculation of a collinear amplitude, taking the ¢§ — QQ~ + ¢ channel, with the
external gluon is emitted from the initial quark line as an example, as shown in Fig. D.2.
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To parameterize the external momenta in the collinear limit, it is convenient to use
Sudakov decomposition, given as follows:

oy = pl +EH,
Pl = 2l + &t +
ko= (1—2z)pf —&nt —plf, (D.9)
where,
2

Pr

— T n=1.
é. 2(1 — 2)7 p1-n

Writing explicitly the momentum component of the incoming quark, normal and transverse
4-vectors,

pi = (P,0,0,P),
nt = (%, 0,0, 0> , (D.10)
pr = (0,pL,0,0),
the momentum component of the emitted gluon and quark are given by,
b Pl
Py = <2P — m,]ﬂ,O,ZP) , (D.11)
Et = <(1 —2)P + ﬁ, —p1,0,(1 — z)P> , (D.12)
where
2 il
P = —1 (D.13)

The scattering amplitude for the process shown in Fig. D.2 is given by,
€ ~ 1/ *
M(1Q72¢773Q74Q7577 kg) =  —gsp tgl,ilMi2i1/(2t773Qv4Q75“{)?2_27;146}]: Ut, (D14)
1/

coll

. 1—2z - *
= gsh ti”l,ilp—2Mi2,~1,(2q,3Q,4Q,5V)p1wyu5g uy. (D.15)
1

Where in Eq. D.15, we have substituted p?, from Eq. D.13. Expressing py/ in terms of p;
and k, using Dirac equation for massles quark, pju; = 0 and substituting (1 — 2)p; using
the third equation in Eq. D.9, and neglecting O(p? ) terms,

(1= 2)prehuwr ~ 20 — (1 — 2)vupr] e w
= Ju(z,p7r)el uy,
and the collinear amplitude becomes,
gsﬂet(ill,il ~

M(1q7 2(77 3Q7 4@7 5’*{7 kg)coll = TMigilr (257 3Q7 4@7 5'\/)L7/J,(Z,pT)€Z*u1.
1

(D.16)
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Squaring the collinear amplitude, and summing over spins and colors (also taking the aver-
age over initial quark colors), we obtain,

g2 2e N2 i
sH * _v
E |M 1472473Q74Q75%k )coll = pzi 2N ’ €k €k

x Tr [Mi2i1/(2‘7’3Q74Qv5 )ju(Z,pT)pl
jT(z pT)Mjgz ’ (2II7 3Q7 4Q7 9 )] . (D17)

Using the external gluon polarization vector sum given in Eq. D.§,
Tu(z,p1)p1 T} (2, p1) ZEZ*EZ = 2pipi(1+27), (D.18)

leads us the the expression of real-correction amplitude squared for the ¢ — QQv + g
channel, where the gluon is emitted from initial quark line, in the collinear limit,

Z ‘M(lm 2@736274@7 5’Y7 k )’(2:011
21422 N?—1

(471-” )Z?W X ﬁ[M2211/(2Q73Q74Q7 )ﬁl'sz ,(2Q73Q74Q75 )]7
(D.19)
2 N2 —-1/1+2?
= (4mp*ay (1,2 4
(4 a)m - (1 =) XM 20,50, 40,5
= (4rp’ as)— z2) Y IM(1},24,30.4g,5,) . (D.20)

The above equation is the explicit form of the collinear-amplitude squared that is given in
Eq. 2.72.

The Altarelli-Parisi splitting functions that appear in the calculation of the collinear
amplitude are given by [66],

2 2
Plz) = NQN ! H*_ 1 z)], (D.21)
Py(z) = 2N[1iz+ 1=z +z(1—z)} (D.22)
2 _ )2
Py(z) = # —ez(1 —2), (D.23)
2 _ )2
Pyy(z) = N2N ! [1 i (1z ) _ ez]. (D.24)

We also use the following notation, P;(z,€) = P;;(2) + €P/;(z), in order to specify the O(1)
and O(e) parts of the splitting function.
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